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ABSTRACT  

 The purpose of this paper is to define the notion of a Cartesian product of IVDIFK-ideals in BCK/BCI-

algebras. Also we define I-V level K-ideals and necessary and sufficient condition for I-V level K-ideals in 

BCI/BCK-algebra are stated. 
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I. INTRODUCTION 

             The notion of BCK-algebras was proposed by Imai and Iseki in 1966. In the same year , Iseki  introduced 

the notion of a BCI-algebra which is a generalization of a BCK-algebra. Fuzzy sets were initiated by Zadeh. The 

idea of “ intuitionistic fuzzy set” was first published by Atanassov  as a generalization of the notion of fuzzy sets. 

After that many researchers considered the fuzzification of ideals and subalgebras in BCK(BCI)-algebras. In this 

paper, using the notion of interval valued fuzzy set , we introduce the concept of Cartesian product of   IVDIFK-

ideal in BCK/BCI-algebras and we prove that Cartesian product of two IVDIFK-ideals is again a IVDIFK-ideals 

. 

II. PRELIMINARIES 

In this section, some elementary aspects that are necessary for this paper are included. 

An interval-valued intuitionistic fuzzy set ( briefly, I-V IFS) A defined on X is given  by                            

𝐴 = { (𝑥, [𝜎𝐴
𝐿(𝑥), 𝜎𝐴

𝑈(𝑥)], [𝜌𝐴
𝐿(𝑥), 𝜌𝐴

𝑈(𝑥)]}  ∀ 𝑥 𝜖 𝑋 ( briefly , denoted by 𝐴 = [(𝜎𝐴
𝐿 , 𝜎𝐴

𝑈), (𝜌𝐴
𝐿 , 𝜌𝐴

𝑈)] ,  

Where 𝜎𝐴
𝐿, 𝜎𝐴

𝑈 are two membership functions and 𝜌𝐴
𝐿, 𝜌𝐴

𝑈 are two nonmembership functions in X such that 𝜎𝐴
𝐿 ≤ 

𝜎𝐴
𝑈 and  𝜌𝐴

𝐿 ≥ 𝜌𝐴
𝑈,  ∀ 𝑥 𝜖 𝑋. Let 𝜎𝐴(𝑥) = [𝜎𝐴

𝐿, 𝜎𝐴
𝑈]  and �̅�𝐴(𝑥) = [𝜌𝐴

𝐿, 𝜌𝐴
𝑈], ∀ 𝑥 𝜖 𝑋     

and let D[0,1] denote the family of all closed subintervals of [0,1]. If  𝜎𝐴
𝐿(𝑥) = 𝜎𝐴

𝑈(𝑥) = 𝑐 ,  

0 ≤ c ≤ 1 and if 𝜌𝐴
𝐿(𝑥) = 𝜌𝐴

𝑈(𝑥) = 𝑘, 0 ≤ k ≤1, then we have 𝜎𝐴(𝑥) = [𝑐, 𝑐]  and �̅�𝐴(𝑥) = [𝑘, 𝑘],  

which we also assume , for the sake of convenience , to belong to D[0,1]. Thus 𝜎𝐴(𝑥) and 

 �̅�𝐴(𝑥) 𝜖 [ 0,1] ∀ 𝑥 𝜖 𝑋, and therefore I-V IFS A is given by 𝐴 = { (𝑥, 𝜎𝐴(𝑥) , �̅�𝐴(𝑥))} ∀ 𝑥 𝜖 𝑋 , where 𝜎𝐴(𝑥): X 

→ [ 0, 1],  �̅�𝐴(𝑥): X →[0,1]. Now let us define refined minimum, refined maximum ( briefly r min, r max) of two 
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elements in D[0,1].we also define the symbols and"",""   ""  in the case of two elements in D[0,1]. Consider 

two elements D1 = [a1,b1] and D2 = [ a2 ,b2]  D[0,1]. 

Then r min( D1, D2) = [ min { a1 , a2},min {b1,b2}]   

         r max( D1,D2) = [ max {a1,a2}, max {b1 ,b2}] 

;, 212121 bbaaDD  212121 , bbaaDD   

Definition 2.1 : An interval valued intuitionistic fuzzy set A in BCI algebra X is called an interval – valued doubt 

intuitionistic fuzzy K- ideal of X if it satisfies 

 i) )()0( xAA    , )()0( xAA    

ii) )}())),(((max{))(( tzytxrzyx AAA    

iii) )}())),(((min{))(( tzytxrzyx AAA     x , y, z, t  X 

III. MAIN RESULTS 

Definition 3.1 : An intuitionistic fuzzy relation A on any set A is a intuitionistic fuzzy subset A with a membership 

function ]1,0[:  XXA  and non membership function  ]1,0[:  XXA  

Lemma 3.2  : Let A  and B  be two membership functions and A  and B be two non membership functions 

of each x X to the doubt i-v subsets A and B ,respectively. Then 
BA    is membership function and 

BA  

is non membership function of each element ( x, y ) XX   to the set BA and defined by 

         ),)(( yxBA   )}(),(max{ yxr BA 
, 

),)(( yxBA   )}(),(min{ yxr BA   

Theorem 3.3: Let  𝐴 = [(𝜎𝐴
𝐿 , 𝜎𝐴

𝑈), (𝜌𝐴
𝐿 , 𝜌𝐴

𝑈)] and 𝐵 = [(𝜎𝐵
𝐿 , 𝜎𝐵

𝑈), (𝜌𝐵
𝐿 , 𝜌𝐵

𝑈)] be two I-V doubt intuitionistic fuzzy 

K-ideals in a set X, then A × B is an I-V doubt intuitionistic fuzzy K-ideal of      X × X.  

Proof : Let ( x, y ) XX   then by definition, 

)0,0)(( BA   )}0(),0(max{ BAr  )]}0(),0([)],0(),0(max{[ U

B

L

B

U

A

L

Ar   

)}]0(),0(max{)},0(),0([max{ U

B

U

A

L

B

L

A  )}](),(max{)},(),([max{ yxyx U

B

U

A

L

B

L

A    

)]}(),([)],(),(max{[ yyxxr U

B

L

B

U

A

L

A  )}(),(max{ yxr BA  ),)(( yxBA    

and )0,0)(( BA   )}0(),0(min{ BAr  )]}0(),0([)],0(),0(min{[ U

B

L

B

U

A

L

Ar   

)}]0(),0(min{)},0(),0([min{ U

B

U

A

L

B

L

A  )}](),(min{)},(),([min{ yxyx U

B

U

A

L

B

L

A    

)]}(),([)],(),(min{[ yyxxr U

B

L

B

U

A

L

A  )}(),(min{ yxr BA  ),)(( yxBA    

Now for all x, y, z, t  X, we have 

))],(),((),)[(( zzyyxxBA  )],(),)[(( zyzyxxBA    
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)](),()[( zyxzyxBA   ))}(()),((max{ zyxzyxr BA    

                     
)]}())),(((max[)],()))(((max[max{ tzytxrtzytxrr BBAA  

 

                   

















)}]())),(((max{)},())),((([max{

)}]())),(((max{)},())),((([max{
max

tzytxtzytx

tzytxtzytx
r

U

B

U

B

L

B

L

B

U

A

U

A

L

A

L

A




 

                   

















)}}(),(max{)))},((())),(((max{max{

)}},(),(max{)))},((())),(((max{max{

ttzytxzytx

ttzytxzytx

U

B

U

A

U

B

U

A

L

B

L

A

L

B

L

A




 

                   )},)(()))],((())),(()[(max{( ttzytxzytxr BABA    

Also, ))],(),((),)[(( zzyyxxBA
  )],(),)[(( zyzyxxBA

   

)](),()[( zyxzyxBA
  ))}(()),((min{ zyxzyxr BA

   
     

    )]}())),(((min[)],())),(((min[min{ tzytxrtzytxrr BBAA
   

   

















)}]())),(((min{)},())),((([min{

)}]())),(((min{)},())),((([min{
min

tzytxtzytx

tzytxtzytx
r

U

B

U

B

L

B

L

B

U

A

U

A

L

A

L

A




 

    

















)}}(),(min{)))},((())),(((min{min{

)}},(),(min{)))},((())),(((min{min{

ttzytxzytx

ttzytxzytx

U

B

U

A

U

B

U

A

L

B

L

A

L

B

L

A




 

     )},)(()))],((())),(()[(min{( ttzytxzytxr BABA
   

 Hence BA  is an I-V doubt intuitionistic fuzzy K-ideal of XX  . 

Theorem 3.4 : Let A be an I-V doubt intuitionistic fuzzy set in a BCI-algebra X. Then A is an I-V doubt 

intuitionistic fuzzy K-ideal of X if and only if the non-empty sets                                            ∆(𝐴 ; [𝑑1, 𝑑2]) =

{𝑥 ∈ 𝑋/ 𝜎𝐴(𝑥)  ≤ [𝑑1, 𝑑2]}  and  ∇(𝐴 ; [𝑖1, 𝑖2]) = {𝑥 ∈ 𝑋/ �̅�𝐴(𝑥)  ≥ [𝑖1, 𝑖2]}            are K-ideals of X for every 

[𝑑1, 𝑑2] and [𝑖1, 𝑖2] ∈ D[0 ,1]. We then call ∆(𝐴 ; [𝑑1, 𝑑2])                    and ∇(𝐴 ; [𝑖1, 𝑖2]) are I-V level K-ideals of 

X. 

Proof : Assume that A is an I-V doubt intuitionistic fuzzy K-ideal of X.  

Since for all 𝑥 ∈ ∆(𝐴 ; [𝑑1, 𝑑2]) and ∇(𝐴 ; [𝑖1, 𝑖2]), 

We have 𝜎𝐴(0) ≤ 𝜎𝐴(𝑥) ≤ [𝑑1, 𝑑2]  and  �̅�𝐴(0) ≥ �̅�𝐴(𝑥) ≥ [𝑖1, 𝑖2]  

Therefore 0 ∈ ∆(𝐴 ; [𝑑1, 𝑑2]) and ∇(𝐴 ; [𝑖1, 𝑖2])  

Now let  𝑥 ∗ (𝑡 ∗ (𝑦 ∗ 𝑧)) & 𝑡 ∈ ∆(𝐴 ; [𝑑1, 𝑑2])  and ∇(𝐴 ; [𝑖1, 𝑖2]) 

Then, 𝜎𝐴(𝑥 ∗ (𝑦 ∗ 𝑧)) ≤ r max { 𝜎𝐴(𝑥 ∗ (𝑡 ∗ (𝑦 ∗ 𝑧))), 𝜎𝐴(𝑡)} ≤ r max {[𝑑1, 𝑑2], [𝑑1, 𝑑2]} = [𝑑1, 𝑑2] 

�̅�𝐴(𝑥 ∗ (𝑦 ∗ 𝑧)) ≥ r min { �̅�𝐴(𝑥 ∗ (𝑡 ∗ (𝑦 ∗ 𝑧))), �̅�𝐴(𝑡)} ≥ r min {[𝑖1, 𝑖2], [𝑖1, 𝑖2]} = [𝑖1, 𝑖2]  

And so 𝑥 ∗ (𝑦 ∗ 𝑧) ∈ ∆(𝐴 ; [𝑑1, 𝑑2]) and ∇(𝐴 ; [𝑖1, 𝑖2])  
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Hence ∆(𝐴 ; [𝑑1, 𝑑2]) and ∇(𝐴 ; [𝑖1, 𝑖2]) are K-ideals of X. 

Conversely assume that 𝑥 ∈ ∆(𝐴 ; [𝑑1, 𝑑2])  ( ≠  𝜑) , 𝑥 ∈ ∇(𝐴 ; [𝑖1, 𝑖2])  ( ≠  𝜑)  are K-ideals of X for every 

[𝑑1, 𝑑2] ∈ D[0,1] , also [𝑖1, 𝑖2] ∈ D[0,1]. 

Suppose that there exist 𝑥0, 𝑦0, 𝑧0, 𝑡0 ∈ 𝑋 such that  

𝜎𝐴(𝑥0 ∗ (𝑦0 ∗ 𝑧0)) > r max {𝜎𝐴(𝑥0 ∗ (𝑡0 ∗ (𝑦0 ∗ 𝑧0))), 𝜎𝐴(𝑡0)}  and  

�̅�𝐴(𝑥0 ∗ (𝑦0 ∗ 𝑧0)) < r min {�̅�𝐴(𝑥0 ∗ (𝑡0 ∗ (𝑦0 ∗ 𝑧0))), �̅�𝐴(𝑡0)} 

Let 𝜎𝐴(𝑥0 ∗ (𝑡0 ∗ (𝑦0 ∗ 𝑧0))) = [𝛿1, 𝛿2], 𝜎𝐴(𝑡0) = [𝛿3, 𝛿4] and 𝜎𝐴(𝑥0 ∗ (𝑦0 ∗ 𝑧0)) =  [𝜆1, 𝜆2] then  

[𝜆1, 𝜆2] > r max {[𝛿1, 𝛿2],[𝛿3, 𝛿4]} = [max {𝛿1, 𝛿3}, max {𝛿2, 𝛿4}]   

Hence 𝜆1> max {𝛿1, 𝛿3} and 𝜆2> max {𝛿2, 𝛿4} 

Taking [𝛼1, 𝛼2] =  
1

2
[𝜎𝐴(𝑥0 ∗ (𝑦0 ∗ 𝑧0)) + 𝑟𝑚𝑎𝑥{𝜎𝐴(𝑥0 ∗ (𝑡0 ∗ (𝑦0 ∗ 𝑧0))), 𝜎𝐴(𝑡0)}]   

We obtain [𝛼1, 𝛼2] =  
1

2
([𝜆1, 𝜆2] + [max {𝛿1, 𝛿3}, max {𝛿2, 𝛿4}])   

                              = [
1

2
(𝜆1 + max {𝛿1, 𝛿3}), 

1

2
(𝜆2 + max {𝛿2, 𝛿4})]    

It follows that , max{𝛿1, 𝛿3} < 𝛼1 =  
1

2
(𝜆1 + max {𝛿1, 𝛿3})<  𝜆1     

                         max{𝛿2, 𝛿4} < 𝛼2 =  
1

2
(𝜆2 + max {𝛿2, 𝛿4})<  𝜆2 

so that [max {𝛿1, 𝛿3}, max {𝛿2, 𝛿4}] < [𝛼1, 𝛼2] < [𝜆1, 𝜆2] = 𝜎𝐴(𝑥0 ∗ (𝑦0 ∗ 𝑧0)) 

Therefore 𝑥0 ∗ (𝑦0 ∗ 𝑧0)  ∉  ∆(𝐴 ; [𝛼1, 𝛼2]) 

On the other hand , 𝜎𝐴(𝑥0 ∗ (𝑡0 ∗ (𝑦0 ∗ 𝑧0))) = [𝛿1, 𝛿2] ≤ [max {𝛿1, 𝛿3}, max {𝛿2, 𝛿4}] < [𝛼1, 𝛼2]  

And 𝜎𝐴(𝑡0) = [𝛿3, 𝛿4] ≤ [max {𝛿1, 𝛿3}, max {𝛿2, 𝛿4}] < [𝛼1, 𝛼2] 

And so 𝑥0 ∗ (𝑡0 ∗ (𝑦0 ∗ 𝑧0)), 𝑡0 ∈  ∆(𝐴 ; [𝛼1, 𝛼2]) 

And let �̅�𝐴(𝑥0 ∗ (𝑡0 ∗ (𝑦0 ∗ 𝑧0))) = [𝜇1, 𝜇2], �̅�𝐴(𝑡0) = [𝜇3, 𝜇4] and �̅�𝐴(𝑥0 ∗ (𝑦0 ∗ 𝑧0)) =  [𝜀1, 𝜀2] then [𝜀1, 𝜀2] < 

r min {[𝜇1, 𝜇2],[𝜇3, 𝜇4]} = [min {𝜇1, 𝜇3}, min {𝜇2, 𝜇4}]   

Hence 𝜀1< min {𝜇1, 𝜇3} and 𝜀2< min {𝜇2, 𝜇4} 

Taking [𝛽1, 𝛽2] =  
1

2
[�̅�𝐴(𝑥0 ∗ (𝑦0 ∗ 𝑧0)) + 𝑟𝑚𝑖𝑛{�̅�𝐴(𝑥0 ∗ (𝑡0 ∗ (𝑦0 ∗ 𝑧0))), �̅�𝐴(𝑡0)}]   

We obtain [𝛽1, 𝛽2] = 
1

2
([𝜀1, 𝜀2] + [min {𝜇1, 𝜇3}, min {𝜇2, 𝜇4}])   

                              = [
1

2
(𝜀1 + min {𝜇1, 𝜇3}), 

1

2
(𝜀2 + min {𝜇2, 𝜇4})]    

It follows that , min{𝜇1, 𝜇3} > 𝛽1 =  
1

2
(𝜀1 + min {𝜇1, 𝜇3}) >  𝜀1     

                         min{𝜇2, 𝜇4} > 𝛽2 =  
1

2
(𝜀2 + min {𝜇2, 𝜇4}) >  𝜀2 

so that [min {𝜇1, 𝜇3}, min {𝜇2, 𝜇4}] > [𝛽1, 𝛽2] > [𝜀1, 𝜀2] = �̅�𝐴(𝑥0 ∗ (𝑦0 ∗ 𝑧0)) 

Therefore 𝑥0 ∗ (𝑦0 ∗ 𝑧0)  ∉  ∇(𝐴 ; [𝛽1, 𝛽2]) 

On the other hand , �̅�𝐴(𝑥0 ∗ (𝑡0 ∗ (𝑦0 ∗ 𝑧0))) = [𝜇1, 𝜇2] ≥ [min {𝜇1, 𝜇3}, min {𝜇2, 𝜇4}] > [𝛽1, 𝛽2]  

And �̅�𝐴(𝑡0) = [𝜇3, 𝜇4] ≥ [min {𝜇1, 𝜇3}, min {𝜇2, 𝜇4}] > [𝛽1, 𝛽2] 

And so 𝑥0 ∗ (𝑡0 ∗ (𝑦0 ∗ 𝑧0)), 𝑡0 ∈  ∇(𝐴 ; [𝛽1, 𝛽2]) 

But this contradicts the fact that ∆(𝐴 ; [𝑑1, 𝑑2]) and ∇(𝐴 ; [𝑖1, 𝑖2]) are K-ideals of X. 
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Hence 𝜎𝐴(𝑥 ∗ (𝑦 ∗ 𝑧)) ≤ r max { 𝜎𝐴(𝑥 ∗ (𝑡 ∗ (𝑦 ∗ 𝑧))), 𝜎𝐴(𝑡)}  

�̅�𝐴(𝑥 ∗ (𝑦 ∗ 𝑧)) ≥ r min { �̅�𝐴(𝑥 ∗ (𝑡 ∗ (𝑦 ∗ 𝑧))), �̅�𝐴(𝑡)} for all x, y, z, t ∈ X. 
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