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1. Introduction:

A phenomenal set theory named and introduced by Zadeh [8] several extensions of this concept have been
defined. Atanassov [1] has given idea about intuitionistic fuzzy sets. Hiroshi Hashimoto [2,3] used «,— operators
in fuzzy matrices and obtained some results. Sriram and Murugadas [6] applied this « operator to IFM and
studied about g-inverse and sub-inverse of IFMs. Murugadas and Lalitha [4] obtained some relations between the
operators <—and—.ViceneTorra [7] used the envelope of the hesitant fuzzy sets are an intuitionistic fuzzy sets.The
authors [5] proved some results for implication operator on intuitionistic fuzzy Tautological Matrix. In this
paper,We use — operator in HFS and study some properties of Hesitant fuzzy Tautological sets.

2. Preliminaries
Definition 2.1. Intuitionistic Fuzzy Sets Given a reference set 7y, an intuitionistic fuzzy set
(or IFS) A on y is represented in terms of two functions p : x— [0,1] and y : x— [0,1] such that 0 <pu (X) +y (X) < 1
for all xey.
Where u represents the degree of membership and y the degree of non-membership of x into the set A. Ifs are often
represented as follows:
<X, ¥, =forx € y
Given two IFS A and B represented by the functions pa, ya, ps and ys following operations have been defined.
e Complement
AC={(X, A (X), 1a())}
e Union
AUB = {(x, max (pa (x), ps(x)), min (va (x), vs(x)))}
e Intersection
AMB = {(x, min (ua (X), pa(x)), max (ya (x), ys(x)))}
e @ -union

A ® B ={(x pa(x) + pa(x) — pa (x) pe(x), (va (x) ya(x))}
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e ®-intersection
A ® B ={Xx pa (X) pa(X), va (x) +v8 (X) —va (X) va(X))}
Definition 2.2. Hesitant Fuzzy Sets Let y be a reference set, then we define hesitant fuzzy set on y in terms of a
function h that when applied to y returns a subset of [0,1].
Given a hesitant fuzzy set h, we define below its lower and upper bound,

e lower bound: h™(x) = min h (x)and

e upper bound: A (x) = max h (x).

It is clear that given a hesitant fuzzy set h, the pair of functions 1=, 1 — h*define an intuitionistic fuzzy set.
Definition 2.3. Given a hesitant fuzzy set represented by its membership function h, we define its complement as
follows:

Rw= ) a-n
¥ ek (x)
Definition 2.4. Given a hesitant fuzzy set h, we define the intuitionistic fuzzy set 4,,,,, (k) as the envelope of h.
This set, which will be denoted by A_, . (k), is represented by {(x, pa (X), ya (x) )} with p and y defined as follows:
o w0 =h (%)
o y(@)=1- k" (x)
3. Results on HFTSs
Definition 3.1. An Hesitant fuzzy set is called an Hesitant fuzzy tautological set (HFTS) if and only if hy” > 1 —
hi*.
Definition3.2. For h'(x), 1-h*(x) ex, define

< 1,0 =, if h(x) =1—h%(x)
1—h*(x), h™(x) =1— h¥(x)

h(x) > 1—h* (x)= 1-h*(x) b (x) = {
Property 3.1. Let A(h1) and A(h.) be two HFSs then the following expressions are HFTSs.
1 A, (hy) = A, (hy)
2. A, (hy)— A, (h)
3. Apny(h) = (Apmu(By) > A, (hy))
Proof:
1. LetA_, (hy)=(h7,1-h])
As (hy, 1—hi, = (hy, 1-h])
Then thy 1 —hi )= (h7, 1-h]) =(1,0)
S0 Agpulhy) >Aznu(R2) isan HFTSs
2. A, (hy)=(h7,1-k])
Apw(hy) = (1-hT ,RT)
If (1-h] ,hy)<(h],1-h])
Then 4,,.,, (hy)—>A_,,, (hy) =(1,0)
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3. Let 4, (hy)=(h],1-h]) A

gny

sny (hz) = <h5’1-h;>

Then 4, (h,) »A_,, (hy) = (h7,1-h3)—>(h],1-h])
Case(i)
If (h7,1-hI)<(h7, 1-h7]), then
(h3, 1-h3)—>(h1, 1-hT) = (1,0)
Agny (hy) 24, (Ry) =(1,0)
Agny (h) (A (R) 24, (hy)) =4, (hy) X1, 0)

=(hy, 1-h1)—(1,0) = (1, 0)

gnw

Case (ii)
(h7, 1-hI)>(h7, 1-h7) then
(hy, 1-h3)—>(h7, 1-h]) =(h7, 1-h])
Agny (h) 94, (hy) C

Asm: (h"l)_)(}1 (h:) _)Aanr (hl)) :Asm: (hl) _)<hI’ l-hI>

=(h7, 1-h])—>(h7, 1-hT)y = (1, 0)
(h,) >A,,, (hy)) isan HFTSs.
ey (h,) be to HFTSs then

1. ‘qsm: (hi)_)(‘qam: (h’i) V‘qam: (h’f))

Thus 4,,,,, (hy)—>(4,,.,

Property 3.2.1f 4_,,,, (h;) and 4

gnw

2. Asnr (h:) _>[:Asm: (hl) Vﬂsnr (hﬂ))

3. A, (hy)—4

—_ (hy) (A, (hy) A4, (h,)) are HFTSs.

gnw gnw gnw

Proof
(Aenw (he) VAL, (h)) = (T, 1-RV(Ry, 1-R3)

Case (i)
If (h7, 1-hT)<(h7, 1-h3)
(hy) vA

‘qsm: (h’i)_)("£1 (h:)) =4

=(h7, 1-h})—>(h3, 1-h3) = (1, 0)

eny (hi) _)<h171 1'h;>

gnwe enw

Case (i)
If (hy, 1-h])>(hs, 1-h3)
Asm: (hl)%(ﬂanv (hl) Vﬂsnv (h’z)):}lanv (hl) _)<h’I’ 1_hI>
=(hy, 1-hi)—(h7, 1-h7) =(1, 0)

SO, Aﬂmr‘ (hi)%(‘qanv (hi) V‘qanv (h:)) isan HFTSs.
2. AE‘”F (h:) _)(‘qamr (h’i) V‘qa?w ('II’:))
Case (i)

If (hy, 1-h])<(h3, 1-h3)
A_.. (hy) —(h37,1-h3)=(h],1-h])—(h7, 1-h3) =(1, 0)
Case (ii)

(hy, 1-h])>(h3, 1-h3)
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(h,) —>(h7, 1-hT) =(h7, 1-h)—>(h7, 1-h3) = (1, 0)
(h,)) isan HFTSs.
(hij_}‘qsna Eh":] _}(‘qam, (h’i) /\‘qsm, (h’"))

E?‘!L

So, 4., (h;)—>(4

BRI

any (hl) V‘qsmr

E?‘!L

Case (i)
If (hy, 1-h])<(h7, 1-h3)
Agny (1) (A (hy) Ay, (hy)= Ay, (Ry) (R, 1-hT)
=(h;, 1-h3)—>(h7,1-h}) =(h7, 1-h])
Ay (h1) =4, (Ry) 2(Ass, (he) AL, (7))
A_.. (hy) >(hI, 1-hT)y =(h7, 1-h])—>(h7, 1-hT) =(1, 0)
Case (i)

If(hy, 1-h)>(h;, 1-h3)

sm, (h )_)(AE?H? (hl) /\Aam: (hz)) = Asm: (hz) _)<h;1 1-h;>
=(h3, 1-h3)—(h7, 1-hi)=(1, 0)
sm, (h :]_}Ha?w [h::] _}(Aamr (h’l) /\Aamr (hz)) = Asm: (hl) _><1’ 0>

=(h7, 1-h])—>(1, 0)—(1, 0)
So, A, (hy)—=A4_,.. (hy) —=(4 (h;)) isan HFTSs.
(hy) and 4,,,,

(1) Aeno (1y) Ay (ho) = Aens (hy)
(i) 4_,., (hy) ~4,,., (hs) 2Az. (h,) are HFTSs.

Bny (hl) /\Asm:

Property 3.3. If 4 (h,) are HFTSs then

gnw

Proof:
() Agn (h4) A4y (By) = (BT, 1-BIA(RZ, 1-R)
Case (i)
If (h7, 1-h])<(h3, 1-h3)

Ay (1)) A, (1) > AL, (hy) =(hT, 1-h)—>(h7, 1-hT) = (1, 0)
Case (i)
If (hI,1-h7)>(h7, 1-h3)
Ay (1) A4y () =>4y, (h) =(h3, 1k, 1-h5) = (1, 0)

Hence 4_,., (hy) A4

Ry (h:) —A (hi) isan HFTSs.

gny

(hy) =Aens (hy)

gny

(“) Asm: (hl) nA

gny

Case (i)
If (hy, 1-h])<(h3, 1-h3)
Agny (hy) Ay (hy) DAL, (Ry) =(hT, 1-hD)—>(hy, 1-h7) =(1, 0)
Case (i)
If (h7, 1-h])>(h7, 1-h3)
Agny (hy) Ay (hy) A, (hy) =(hy, 1-h3)—>(hy, 1-h3) =(1,0)
Hence 4_,., (hy) A4, (h;) =4, (h,) isan HFTSs.
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Property 3.4. If 4
HFTSs.

Proof

anpe LRy and A_, . (h,) are HFTSsand 4 _,,,, (hy)<4,,, (h,) thend_,  (h)—>A4,,, (h;)isan

Given 4_,,,, (hy)<4

gny

(hy) —>¢hy, 1-h])<(hs, 1-h3)

BNy

Then 4 (h‘ij<‘qanr (hgj = <11 0>

gnw

So 4, (hy)<4

Bnw

anw (7)) is @anHFTSs.

Property 3.5. If 4_,,,, (hy),4,,, (h;) are HFTSs then the following expressions are HFTSs.
1 (Ag (hdrdg,, (h)—4,,, (hy) )AL, (hy)
2. A (h)>((Aeny (hy)) <A, (hy)) VA, (hy)
3. Ay (h)>((Auny (h)>A,,, (R)IVA,,, (R))

4. Asm: (hzj_)((‘qanr (h1]VAsn1: (hzjj_)}lam: (hzjj

1. Case(i)
If (h7, 1-h7)<(h3, 1-h3)
Ay () A, (hy) =(hy, 1-h)—>(h3, 1-h3) = (1, 0)
(Aany (1) A (Agy (By) A, (R2)) =(hT, 1-hTIA(L, 0) =(1, 0)
(Aeny (he) A (Agy (hy) DAL, ()AL, (Ro)=(hT, 1-hT)—(h7, 1-h3)
=(1,0)
Case(ii)
If (h7, 1-h7)<(h3, 1-h3)
(hy) =(hi, 1-hI)
(hy))=A

Ay (hy) o4

Ry

‘qsm: (h’i) A (Aam: ('I:I'i)_)‘£1 (hi) /\<'II’E’ l-h’i-!->

gnwe

= (hy, 1-hiyn¢hs, 1-h3)
= (h7, 1-h3)

gnwe

(Aune (1) A (g (Ry) A (R)) A, (R)=(h7, 1-h3)>A,,, (7))
= (h,1—hy)—>(hz,1—h3)=(1,0)
S0 (Agne (h1) A (Aene (h1) = A (h2)))Aene (hz) isan HFTSs.
2. Case(i)
If (hi, 1-h])<(h7, 1-h3)
Agpy (h)>(((As (hy)) <A, (hy)) VA, (hy))
Aoy (h )4, (hyVA,,, (hy))
=Agpy (h1))A,,, (h3)=(1,0)
Case(ii)
If (hy, 1-h])<(h7, 1-h3)
AL (h))>((1, 0)VA,,, (h,))
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Ay (hy))— (L, 0) =(h7, 1-h])—(1, 0)=(1, 0)
SO0 A,y (Ry)>((Agpy (hy)) <Ay (R2)) VA, (Ry)) s an HFTSs.
3. Case (i)
If (hy, 1-h1)<(hz, 1-h3)
Agne (h1) A, (hy) =(1,0)
(Aans (Ry) A, (h)IVA,,, (hy) = (1, Ov¢hT, 1-h7)) = (1, 0)
Ay (hy)>((Agy (R)>A . (M) VAL, (hy))= (hY, 1-h3)—(1, 0y =(1, 0)
Case (ii)
If (h7, 1-h7)>(h3, 1-h3)

gny

Asm: (hlj_)}la?w (hzj = <h5' 1_‘&;)

(( Asm: (hlj_)ﬂ (hzj) vA

e env (1)) = ((hz, 1-hD)v(hT, 1-R3))
=(hy, 1-h1)
Aoy (hy)—>(hT, 1-hT) = (h3, 1-h§)—(hy, 1-h)=(1, 0)
SO0 A,y (hy)>((Agny (hy)>AL,, (h2))VA,,, (hy)) isan HFTSs.
4. Case (i)
If (7, 1-hi)>(h3, 1-h})
(A

(hy)VAg, (hy)) = (hy, 1'hI>

gny gny

gny [hz:]:]_)}lanv (hzj: <hI’ 1'h_1+>—>(h;_-, 1-h;>
= (h7, 1-h})

(A, (hy)vA

gnw

A (1) (A (R VA Ly (1)) Ay (1)) = Ay, (R)—>(h7, 1-h5)
(h3, 1-h3)—h3, 1-h3)=(1, 0)
Case (ii)
If (hi, 1-hI)<(h3, 1-h3)
Agny (R VA, (hy) = (hg, 1-h3)
((Agns (hdVA,,,, (hy)) A, (hy)) = ((hz, 1-h3)—>(h3, 1-h3)) =(1, 0)

Asm: (hzj_)([ﬂsm: (hljv‘qsnr (hzj]_nqanr (hzj = ﬂanr (hzj —‘J<1’ 0>

= (hz, 1-h3)—(1,0) =(1, 0)
SO’AE’W (hzj_)([:}lﬂmr (hlj\/}lanr (hzj]_)‘qsnr (hﬂj isan HFTSs.
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