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1. INTRODUCTION:

The study of Composition operators leads to an interesting interplay between classical function theory,
measure theory, operator theory, and the theory of analytic functions. Composition operators form a simple
but diverse and interesting class of operators having interactions with different branches of mathematics and
mathematical physics. For the first time, Composition operators appeared in B. O. Koopman’s formulations
of classical mechanics in 1931 and it was then referred to as Koopman operator in physics, especially in the
area of dynamical systems. These operators also found expression, at least implicitly, in connection with
Markov processes. These operators were studied in the space of analytic functions by J. V. Ryff in 1966.

However, the word “Composition Operator” appeared for the first time in work of Eric Nordgren in
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1968.The study of Composition operator was initiated with two goals, first to have concrete examples of

bounded operators on Hilbert space or Banach space of functions and second to attack the “Invarient
subspace problem” of operator theory from a different angle. Since many concrete examples of the
Composition operators on Lp-spaces, Hp-spaces and locally convex spaces of continuous functions have been
obtained. It is interesting to note that in certain situations this class of operators possesses a distinct identity
different from several known class of operators, like as multiplication operator and the integral operator,

differential operators.

2. Composition Operator:

Let X be a non-empty set and V(X) be a linear space of complex valued functions on X under point wise
addition and scalar multiplication. If ¢ is a selfmap on X into itself such that composition f o ¢ € V(X) for

each f € V(X) then ¢ induces a linear transformation C¢ on V(X), defined as
Co(f) =foVv f e V(X).

The transformation C¢ is known as composition transformation. If VV(X) is a Banachor Hilbert space and

Cois a bounded linear operator on V(X), then Ce is called composition operator.

3. Example: Define a self-map ¢ on N by

n+2, ifnisodd
n — 2, ifniseven

o) = |

4. Notation and Terminology: For 1 <p < o, £, denotes the space of all
p-summable real or complex sequences and | 1(n)| denotes the cardinality of function. Further, let N
and C denote the set of all positive integersand the set of all complex numbers, respectively. For given

a subset A of a set X, the characteristic function of A is denoted by ya(x) and defined as

1, x € A
XA(X)={0 x & A

Further,

let N(C¢) and R(C¢), respectively, denote the null space and therange space of Ce.

5. Composition operator on £p spaces: Let ¢ be a self-map on the set of natural numbers N.

Then ¢ induces a linear transformation C¢ on £p , defined byXnaxn
Co(Xn=1Xnxn) = 21010=1 XnX@-1(n)
where yn stands for the characteristic function of the set {n}.

In this section we discuss range and null spaces of composition operators on the Banach space also

we discuss the injectivity and surjectivity of composition operator on the Banach space.
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Theorem 5.1. A necessary and sufficient condition that a function ¢ on Ninto itself induces a

composition operator on £p (1< p < oo)isthat

i. lp~X(n)| is finite for each n in N.
ii. The set { ¢X(n) : n € N } is a bounded set.

Now we state a proposition about the norm of the Composition operator Cpon £, (1< p < o0)

Theorem 5.2. Let Cobe a Composition operator on £, (1 < p < o ). Then || Co || = Max {|¢°
‘m[* neN.

Example 5.3. Define a self-map ¢ on N by

_ n, if nisodd
o) = {n -1, if niseven

In this example we easy to see that | 1(n)| = 2 for every n € N. Hence by using above theorem we get ||

Coll=V2.

Example 5.4. Define ¢ on Ninto itself by @(n) = n + 1 foreachn € N

Then Cg is a Composition operator on 4.

For (X1, X2, X3,..., Xn,...) in £pthen Ce(X1,X2,X3,...,.Xn,...) = (X2.X3, X4, ..., Xn+1,...).
Thus || Ce || =1 and Ce is the adjoint of a well known operator, the unilateral shift.

Theorem 5.5. Let Cy be a composition operator on £ induced by function ¢ on N into itself. Then ||
Co|=1.

Proof. Given that Ce: £, — £, then (Cef)(n) = f(p(n)) V n EN.
Therefore,
[(Cof)(n)| = [flp(n))| VneN
| Copf|l=sup |(f > @)(m)| Vn = 1.
This implies that
| Cof [|= sup [f(e(n))| Vn =1
<sup n>1 |f(n)| Vn> 1
= |Ifll.
Hence

| Cof |l <[ . (1)
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Conversely, let m € Range(¢) then there exists n €N such that ¢(n) = m and n € ¢—1 (m). Let f = ym,

then [Ifll = 1, and Cof = Coym = xo—1(m).
Then || Cof || = llxe—1(m)ll = 1 this implies that || Ce || > 1. ...(2)
From (1) and (2) we get || Co || =1.

Theorem 5.6. Let gbe a function on Ninto itself such that Cof € £, for each f in £, Then Co is a

bounded linear operator on #p.

Now we discuss the null space and range space of Composition operator Ceon £, and discuss the range
of Composition operator always closed, we further determine condition on such that Composition

operator injectivity and surjectivity .

Theorem 5.7. Let Cep be a Composition operator on £, induced by a function ¢ in Ninto itself. Then
null space N(C¢) of Ce is given by

N(Cop)={fe b :flo(N)=0}.

Theorem 5.8. Let Ce be a Composition operator on £, induced by a function ¢ in N into itself. Then
range space R(Ce) is given by

R(Cp) ={fe€ £,:f|¢*(n)=constant, Yyn € N }.

Theorem 5.9. Range space a Composition operator on #; is always closed.
Theorem 5.10. A Composition operator Ceon £, is one-one if and only if ¢ is onto.
Theorem 5.11. A Composition operator C¢ on £, is onto if and only if ¢ is one-one.
The following corollary is immediate consequence of the above theorems.

Corollary 5.12. A Composition operator Ce on #pis invertible if and only if ¢ is invertible.

6. Sum of two Composition operator on £, spaces: In this section we discuss a necessary and
sufficient condition when range spaces of two Composition operators on the Banach space (p are
equal. We also discuss a necessary and sufficient condition when null spaces of two Composition

operators are equal.

Theorem 6.1. Let Ce and Cy be Composition operators on {p induced by functions ¢ and y on N into
itself. Then R(C¢p) < R(Cy) if and only if for each n € N, and for each p € ¢—1(n) there exists a natural

number m such that

p € Y—1(m) < ¢ —1(n).
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Theorem 6.2. Let Ce and Cy be Composition operators on {p induced by functions ¢ and y on N into

itself. Then RC¢p= R(Cy) if and only if for each n € N, there exists m € N such that y—1(m) = ¢—1(n).
Example 6.3. Define ¢, y : N — N such that

o(1)=0(2)=1,¢(n)=n,n>3, and y(2) = y(3) =2, y(n) = n, n €{2, 3}.

Then neither ¢ nor y satisfy the condition of above Hence R(C¢) SR(Cy), and R(Cy) & R(Ce).
Example 6.4. Define ¢, y : N — N such that

©(1) = ¢(2) =1, p(n) = n, n> 3, andy(n) = n for each n EN.

Then by Theorem R(C¢) < R(Cvy).

Theorem 6.5.Let Co and Cy be Composition operators on {p induced by functions ¢ and

v n Ninto itself. Then N(C¢) = N(Cy) if and only if R(p) = R(y).

Example 6.6. Define ¢, v : N — N such that

o(1)=2,0(2)=1, ¢(n) =n,n> 3, and y(n) = n for each n EN.

Then, by N(Co) = N(Cy).

Now we discuss that the sum of two Composition operators on {p cannot be a Composition operator on

{p.

Theorem 6.6. Let Cpand Cy be Composition operators on £p induced by functions ¢ and y on N into

itself. Then C¢ + Cy can not be a Composition operator on £p.

Theorem 6.7. Let Cp and Cy be Composition operators on {p induced by functions ¢ and y on N into
itself. Then C¢.Cy be a Composition operator on £p.

Theorem 6.8. Let Cg and Cy be Composition operators on {p induced by functions ¢ and y on N into
itself. Then

R(Cp + Cy)c{fe lp:f| {op—1(n)Ny—1(m)}U{p—1(m)Ny—1(n)} is constant ¥ m, n EN}.

Theorem 6.9.Let Co and Cy be Composition operators on £p induced by functions ¢ and y on N into
itself. Then null space N(C¢ + Cy) of Co + Cy is givenby

N(Ce + Cy) = {f € Lp : f(e(n)) + f(y(n)) = 0 for each n € N}.

Theorem 6.10.Let Cp and Cy be Composition operators on {p induced by functions ¢ and y on N

into itself.If Cep + Cy is injective, then

(1)-R(9) U R(y) =N

IJRAR24A1420 ‘ International Journal of Research and Analytical Reviews (IJRAR) ‘ 186



© 2024 1IJRAR January 2024, Volume 11, Issue 1 www.ijrar.org (E-ISSN 2348-1269, P- ISSN 2349-5138)

(i1).Either ¢—1(n) # y—1(m) or ¢—1(m) # y—1(n), whenever m # n.

Example 6.11. Define ¢, v : N — N such that ¢(n) = n, for each n € N, andy(1) = y(2) = 1 and y(n) =

n for each n > 3.
(Cop + Cy)x = (2x1, X1 + X2, 2X3, ..., 2Xn, ...).

Hence N(Cgp + Cy) = {0}, thus Ce+ Cy is injective in £p.

Co is injective (surjective) if and only if ¢ is surjective (injective) but this isnot the case

while dealing with sum of two Composition operators.

7.

Vi.
Vii.

viil.

Xi.
Xii.

Xiil.

Xiv.

XV.

This is clear by the following example.

Example 6.12. Define ¢, y:N — N such that ¢(n) = n, for each n €N, andy(1) = 2, y(2) = 1 and y(n) =

n for each n > 3. Then ¢ and v are injective and surjective for X € {p,
(Co + Cy)(x) = (X1 + X2, X2 + X1, 2X3, 2X4, ...2Xn, ...).

From the above expression it is clear that Ce +Cy is neither surjective nor injective.

References:

B. D. MacCluer, Components in the space of Composition operators, Integral equation and operator
theory, 12, no. 5 (1989), 725-738.

B. O. Koopman, Hamiltonian systems and transformations in Hilbert space, Proceedings of the
National Academy of Sciences of the United States of America, 17 (1931), 315-318.

C. Guangfu, N. Elias, P. Ghatage and Y. Dahai, Composition operators on a Banach space of analytic
functions, Acta Mathematica Sinica 14 (1998) 201-208.

C. C. Cowen, Composition operators on H?, J. Operator Theory 9 (1983),77-106

C. C. Cowen and B. D. MacCluer, Composition Operators on Spaces of Analytic Functions, CRC
Press, Boca Raton, FL, 1995.

E. A. Nordgren, Composition operators, Canad. J. Math, 20 (1968), 442-449.

E. A. Nordgren, et al., Invertible Composition operators on Hp, Journal of functional analysis, 73.2
(1987), 324-344.

H. Takagi and K. Yokouchi, Multiplication and Composition operators between two Lp-spaces,
Function spaces (Edwardsville, IL, 1998), Contemp.MMath., 232, Amer. Math. Soc., Providence, R,
1999, 321-338.

J. H. Shapiro, “Composition Operators and Classical Function Theory,” Springer-Verlag, New York,
1993.

J. B. Conway, A course in functional analysis, second edition, Springer - Verlag,1990.

L. Singh, A study of Composition operators on €2, Thesis, Banaras HinduUniversity, 1987

N. Lal and S. Merill, Isometrics of Hp Spaces of the Torus, Proc. Amer. Math.Soc. 31, 1972.
P.R.Halmos, A Hilbert Space Problem Book ,Graduate Texts in Mathematics, Springer-Verlag, New
York, 1982.

R. K. Singh and J. S. Manhas, Composition operators on function spaces,North-Holland, New York,
1993.

R. K. Singh and S. D. Sharma, Composition operators on a functional Hilbertspace, Bull. Austral.
Math. Soc., 20 (1979), 377-384.

[JRAR24A1420 International Journal of Research and Analytical Reviews (IJRAR) ‘ 187



