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Abstract

The aim of this paper is to present the concepts of congruence relation in I'-near-rings and the lower and upper
approximations of an ideal with respect to the congruence relation and introduce the notion of rough ideals in T"-near-rings,
which is a generalization of the notion of near rings. Some properties of the lower and upper approximations are discussed
in T"-near-rings.
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1 Introduction

I'-near-ring and the ideal theory of T'-near-ring were introduced by Bh. Sathyanaranan[7]. For basic terminology in
near-ring we refer to Pilz[6] and in I"-near-ring.

Pawlak [3-5]introduced the theory of rough sets in 1982. It is an another independent method to deal the vagueness
and uncertainty. Pawlak used equivalence class in a set as the building blocks for the construction of lower and upper
approximations of a set. Many researchers studied the algebraic approach of rough sets in different algebraic structures such
as [1,2,8,9]. Thillaigovindan and Subha[10] introduces rough ideals in near-rings.

The aim of this paper is to present the concepts of congruence relation in T'-near-rings and the lower and upper
approximations of an ideal with respect to the congruence relation and introduce the notion of rough ideals in T"-near-rings,
which is a generalization of the notion of near rings. Some properties of the lower and upper approximations are discussed
in I"-near-rings.

2 Preliminaries and Congruence Relation

We first recall some basic concepts for the sake of completeness. Recall from[], that a non empty set N with two
binary operations + and ¢ multiplication is called a near-ring, if it satisfies the following axioms.
(1) (N, +) is a group; (ii) (N,) is a semigroup; (iii) (ny + n,)=n; = ny°nz + nyons, for all ny, ny,ns € N.
Definition 2.1. [7] A I'-near-ring is a triple where (M, +,T") where
i) (M, +) isagroup
ii) 77is non empty set of binary operators on M such that for a € 7", (M, +, a) is a near-ring
iii) xa(yfz) = (xay)pz forall x,y,ze Manda,f € I

In I'-near-ring, Oyx = 0 and (—x)yy = —xyy, but in general xy0 # 0 for some x € M,y € I". More precisely the above
near-ring is right near-ring.

M, = {n € M / ny0 = 0} is called the zero-symmetric part of M and
M={neM/ny0 =n,forallyeT}={neM/nyn" =nforalln’ € M,y € T'}is called the
constant part of M. M is called zero-symmetric if M = M, and M is called constant if M = M...

Definition 2.2. A subset I of a I'-near-ring M is called a left(resp. right) ideal of M , if
i) (I,+) isanormal divisor of (M, +) and
ii) aa(x+b) —aab €1 (resp.xybel)forallx el,a € I"anda,b € M.

Let I be an ideal of M and X be a non-empty subset of M. Then the sets
pX) ={xeM/x+1 cX} and p/(X)={xeM/(x+1)NnX=0@} are called respectively the lower and upper

approximations of the set X with respect to the ideal I.

For any ideal I of M and a, b € M, we say a is congruent to b mod I, written as
a=b(modA)ifa—b el

It is easy to see that relation a = b(mod A) is an equivalence relation. Therefore, when U = M and 6 is the above
equivalence relation, we use the air (M, A) instead of the approximation space (U, 8).
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Also, in this case we use the symbols p;(X) and p,(X) instead of p(X) and p(X). If X is a subset of M, then X¢ will
be denoted by M — X.

3. SOME PROPERTIES OF ROUGH APPROXIMATIONS

In this section we study some fundamental properties of the lower and upper approximations of any subsets of a T'-
near-ring with respect to an ideal. Throughout this paper M denotes the I"-near-ring unless otherwise specified.

Lemma 3.1. For every approximation space (M, I) and every subsets X,Y < M, the following hold:

) pM—X) =M=p,(X)
2) B(M=X) =M= p(X)
3) B = (RS

) px) = (px9)"
Proof. Straight forward.

Theorem 3.2. For every approximation space (M, I) and ever subsets X,Y < M, then the following hold:

) p) X P
2) (@) =0=p®

3) pi(M) €M p5,(M)

4) pxuY) =p(X)up(Y)

5 pXNnY)=p(X)Npi(Y)

6) IfX C,then py(X) € 5,(Y) and p,(X) € p,(Y)

7) BNV E5,(X) NB(Y)

8) p(XUY)2p(X)Np(Y)

9) IfJisanideal of M such that I < J, then p;(A) 2 p;(A) and p,(A) < py(A)
10) p1(p1(X)) = p1(X)

11) p,(p;(M)) = p;(X)

12) p(pi(M)) = p1(X)

13) 15, (M)) = 5,(X)

14) pi(x + ) = p;(x + D) forall x € M.

15) BI(X)FQI(Y)QQI(XF Y)

16) 5,007 5,(V)<p,(XT'Y).

Corollary 3.4. Let (M, I) be any approximation space. Then

(M For every A © M, p(A) and p,(A) are definable sets
(i) For every x € M, x + I is definable set.

Theorem 3.5. Let I be an ideal of M and A, B nonempty subsets of M, then
5, ()1 p,(B) = p,(AB).

Proof. Let x € p,(4)I" p,(B). Then x = ayb for some a € p,(4) and a € p,(B). There exist y,z € M,y € I" such that
yE€(a+l)nAandz e (b+1)NB.Henceyyz € AIB and
yyz € (a+ 1)ITh + I). This implies that yyz € ayb + I = x + I and hence a € p,(A"B). Hence
p,(A)"B,(B) € B,(ATB). (1)
On the other hand assume that x € p,(A7B). Then there exists y € M such that y € x + I and y € AZ"B. This implies
that y = a,yb, for some a; € A and b; € B. Since
x€y+I1=ayyb, +1=(a; + DI (b, +I),x can be expressed as x = x;yx, for some
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x1 €a; +1and x, € by + 1. Thisimpliesthat a; e x; + I and by e x, + landsoy = a;yb;and (xy + D NA# @
and (x, + 1) N B # @. This means that x; € p,(4) and x, € p,(B). Thus x = x;yx, € p,(A)I" p,(B) and hence

P(AT'B) € B, ()T 5,(B) @

Combining (1) and (2), we obtain p,(A7"B) = p,(A)I" p,(B).

Theorem 3.6. Let I be an ideal of M and A, B nonempty subsets of N, then

p1(A)Ip(B) < p;(A'B).

Proof. Let x € M. Suppose x € BI(A)FQI(B)- Then x = ayb for some a € pi1(4) and b € EI(B)' Hencea+ I < Aand b +
IS B.Now(a+DI'(b+1) S AI'Bandayb +1 < A’ B. Thisimpliesthat x + 1 € AI'B. Hence x € B,(AF B).

Thus BI(A)FBI(B) c B,(AFB).

Example 3.7. Let N = {0,a, b, c} and I"= {0, a, b}. Define addition and multiplication in M as follows:

+ 10 la b [c |0 fa|b
00 [a|b|c 010 |0 |0
a |a |0 [c |b a |0 |a |a
b [blc |0 |a b {0 |b |b
c [c [b|a |O

Then (M, +,T") is a I'-near-ring

Let/ ={0,a},A ={b,c},B ={a,b}. Then BI(A) ={xeM/x+1< A} ={b,c}
piB)={xeM/x+1<SB}=0. pj(A)Ip(B) =0 .p (Al B) = {b}.

Then BI(AFB) o QI(A)F EI(B).

Theorem 3.8. Let I be an ideal of M and A, B nonempty subsets of M, then
p,(A) +p,(B) = p,(4+B).

Proof. Let x € p,(4) + p,(B). Then x = a + b for some a € p,(4) and b € p,(B). there exist y, z € M such that y €
(a+DnAandze(b+1)NB.

Now y+ zeA+Band y+ z€e (a+1)+(b+1)=(a+b)+1=x+1 This shows that x+INnA+ B # @ and
hence x € p,(A + B). Thus

5,(4) +7,(B) S 7,(4 +B) 3)

Conversely, assume that x € p,(A + B). There exists y € M such that y € x + I and y € A + B. This implies
y = a,; + by forsome a; € Aand b; € B. Since
xey+Il=(a;+by)+1=(ay+1)+ (a;+1), x can be expressed as x = x; + x, for some x; € a; + 1 and
x, € by + I. This means that a; € x; + 1 and b, € x, + 1 and hence y = a; + b, and (x; + D) N A # @ and (x, +
I) n B # @. This means that x; € p,(A) and x, € p,(B). Thus x = x; + x;, € p,(A) + p,(B).
Hence p,(A+ B) < p,(A) + p,(B) (@)
Combining (3) and (4), we obtain p,(A + B) = p,(4) + p,(B).

Theorem 3.9. Let I be an ideal of M and A, B nonempty subsets of M, then
pi(4) + p;(B) < p;(A + B).

Proof. Let x € M. Suppose x € BI(A) + EI(B)' Then x = a + b forsome a € ;_),(A) and
beB,(B).Hencea+IgAandb+IgB.Now(a+I)+(b+I) C A+ Band
(a+1)+1< A+ B.Thisimpliesthat x +1 € A + B. Hence x € BI(A + B), and thus

pi(A) + pi(B) € pi(A+B).
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The reverse inclusion of the Theorem 3.9 is not true in general which is shown in the following example.

Example 3.10. Consider the same example as in Example 3.7,
pi(A+B) ={0,a,b,c};
pi(A) = {b,c}, p(B) = ®; p;(A) + p;(B) = {b, c}.
Hence BI(A +B) <& BI(A) + BI(B)'

Lemma 3.11. Let I, ] be two ideals of M and A a nonempty subset of M , then

() BI(A) n B](A) c Bm](A)
(i) By (4) €5,(4) N5, (A).
Proof. (i) Since I nJ < I,] by Theorem 3.2(9) we have, BI(A) c Bml(A) and BJ(A) c QmJ(A)- Hence BI(A) ”BJ(A) c

BIn](A)-
AgainI nJ < I,] we have, ﬁm](A) < p,(4)and ﬁm](A) c ﬁmj(A).

Hence;_)m](A) cp,(An ;_)](A).
This reverse inclusions of Lemma 3.11 are not true in general which is shown in the following example.

Example 3.12. Let M = {0, a, b, c} and "= {0, a, b, } Define addition and I" in M as follows:

+10 ja b jc r]o Ja b
0|0 [a |b |c

0 0 0 0
a |la |0 |c |b
b |b|c |0 |a a 0 a 0
c |c |bla |0 b 0 0 b

Then (M, +,T’) is a I'-near-ring.
Let/ ={0,a},] ={0,b}and A = {0, a,c}. Then I and J are ideals of M. BI(A) ={0,a},
B](A) = {a' C}'ﬁ](A) = M!ﬁ](A) = M and ﬁ[n](A) = {0' a'b}' BI(A) nB](A) = {a};BInJ(A) = A

Theorem 3.13. If I and J are two ideals (resp. sub near-rings) of M, then p,(J) is an ideal (resp. sub near-ring) of M.
Proof. Let I and ] be ideals of M and i,j € p,(J). Then there exist p € (i +1)NnJand g € (j + 1) nJ. Since ] is an ideal of
M, p—-q€]
p—qe@+D—-G+D=i+I+1—j

Ci+l—j

=i=j+G+1-))

Ci—j+1
This implies that ((i —j) +/nJ # @andsoi,j € p,(J).

Assume that x € p,(J) and a € M. Then there exists p € (x + 1) nJ such that p € x + I and p € J. Since J is an
ideal of N,a + p —a € J and
a+p—a€a+x+l—a=a+x—a+a+l—a
Ca+x—a+l
This showsthat (a+x—a+1)NnJ# @ anda+x —a € p,(J).

Suppose p € p,(J) and a € M. There exists j € M suchthat j € (p +I) N J. ] being an ideal of M, jya € ] and jya €
(p + Dya =pya+1.Thus (pya+1)NnJ # @ and
p € p,(J). Hence EI(])I'N cp,(J). Let a,b € M and p € p,(J). So there exists i € (p +1) NJ. Since J is an ideal of

M,ay(b + i) —ayb €] and
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ay(b+1i)—ayb e ay(b +(p+ I)) —ayb S ay(b+p)—ayb+1.
Thus {(ay(b + p) —ayb) + I} n] # @ and hence ay(b + p) — ayb € p,(J). Thus p,(J) is an ideal of M.

Theorem 3.14. If I and J are two ideals (resp. sub I'-near-rings) of M, then p; (J) is an ideal (resp. sub I"-near-ring) of M.

Proof. Let I and J be two ideals of M. Let x,y € BIU)' Thenx +1,y+1<].Sincejisanideal of M,(x +1) — (y +1) &S]
andsox—y+I<S]. Hencex—y € BIU)' Assume that x € BIU) and a € M. This implies that x + T € J and J being an

ideal of
M, a+(x+1)—ac] anda+(x+1)—ag3,(/). LetxeBI(]) and a€M. Thenx+1<)] and (x +Dya <J.

Hence xya + 1 = (x + I)ya S J and xya € BIU)'
Again, letp € BIU) and ayb € M. Thenp +1 < J. Now
(ay(b+p)—ayb)+1=(ay(b+p)+1—ayb<]

because J is an ideal of M. Hence ay(b + p) — ayb € BIU)' Thus EIU) is an ideal of M.
4 ROUGH NEAR-RINGS AND IDEALS
In this section we introduce the notion of rough I'-near-rings and rough ideals and study some of their properties.

Definition 4.1. Let I be an ideal of M and p;(4) = (BI(A)' p,(A)) a rough set in the approximation space (M, I). If BI(A)
and p, (A) are ideals (resp. sub T"-near-rings) of M, then we call p;(A4) rough ideal (resp. /-near-ring).

Note that a rough subI'- near-ring is also called a rough I'-near-ring. Clearly every rough ideal is a rough I"-near-ring
but the converse need not be true in general.

Lemma 4.2.

i) LetI,] betwo ideals of M, then p;(I) and p,(J) are rough ideals.
ii) Let/ be anideal and J a sub near-ring of M, then p;(J) is a rough near-ring.

Proof. From Theorem 3.13 and Theorem 3.14, (i) and (ii) are clear.

Remark 4.3. If I is not an ideal and J is an ideal (resp. sub near-ring) of M, then p;(J) is not a rough ideal (resp. rough I'-
near-ring) which is shown in the following example.

Example 4.4. Let M= {0,a, b,c,x,y} and I" = {0, a, b, ¢, x} Define addition and 7"in M as follows.

+ |0 |a |b |c |x |y |0 |a |b |c |X
0 |0 |a |b |c |x |y 0 |0 |0 |0 |O |O
a |a |0 |y [x |c |b a |a|a |a |a |a
b |b |x |0 |y |a |cC b |a |a |b |c |Db
c |c |[x |y |0 |b |a c |a |a |c |b |cC
X |x |b |c |a |y |0 X |0 |0 |x |y [Xx
y |y |c |a |[b |0 |x

Then (M, +,T') is a I'- near-ring.

Let! = {a,c},J] = {0,x,y}. Clearly, J is an ideal and I is not an ideal(sub 7"-near-ring). Since 0 + I = {a,c},a + 1 =
{0,x},b+1={xy},c+I={0,x}, x+1={bclandy+1 = {a, c},g,(]) = {a,b,c} = p,(J). Thus both pr(J) and p,(J)
are not ideals (sub near-rings) of M. Hence p;(J) is not a rough ideal (resp. rough 7"-near-ring).

Theorem 4.5. Let I, ] be two ideals of M and K be a sub /-near-ring of M. Then
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M) B, 5,K) S Py, K)
(i) BI(K)FB](K) = £(1+])(K)-

Proof. (i) Let x € p,(K)I” ;_)](K). Then x = pyq for some p € p,(K) and q € E](K). This means that there exist y € (p +

HNKandze (q+J))NnKandso yyz € K and xy € (p +1).(q +J). This implies yyz € (pyq) + 1 +]. Thus (pyq + 1 +
JDNK =+ @,andx € 51+](K). Hence

PO P, (K) € Py, (.
(ii) Let pyq € BI(K)FBJ(K)' then pe BI(K) and q € BJ(K) andso(p+I cKand(g+J)) S K.Now(p+1)(g+]) S K
and (pyq + 1 +] < K. This implies pyq € B(I+J)(K)'
On the other hand, since I = I + J,J < I + ], we have by Theorem 3.2(9). £(1+1)(K) c EI(K) and
Pa+n(K) < p;(K).
Pu+n L pa+p(K) € pi(K)Ipy(K).

This means that B(1+J)(K) c B,(K)FBJ(K).
Theorem 4.4. Let I,] be two ideals of M and K a sub near-ring of M. Then

(i) B(I+])(K) = BI(K) + QJ(K)
(i) b, &) =p,K)+p,(K).

Proof. (i) Since I € I +J andJ < I + ], by Theorem 3.2(9) we have
pu+n(K) & pr(K) and p4j (K) S p;(K).

Conversely assume that k € p;(K) + p;(K). Then k = x + y for some x € p;(K) and y € p,(K).
This meansthat x + I € K and y + ] < K. Consider
k+I+]=x+y+I1+]
=x+y+Il-y+y+]
Cx+Il+y+]
CK+KCK.

Thus k € E(1+J)(K) and so EI(K) + QJ(K) c Q(1+j)(K)-
Thus p;(K) + p;(K) = p+p(K).
(ii) Sincel = I +JandJ < I+, by Theorem 3.2(9), we have
p,(K) €p,,,(K)and 5,(K) € P, (K).
Therefore p,(K) + ;_)](K) c EH](K).

Conversely assume that y € 51+](K). Then (y + (I +J)) N K # @. Now there exists j € ] such that

y+U+D)NK=@+j—j+I1+))nK
CW+j+DHNK+0.
This means that y +j € p,(K). Since —j €] and (—j+/)NK=]JNK # @, being 0 €] NK, we have —j € E](K).
Considery =y +j—j€p,(K)+ ﬁ](K). We have ﬁH](K) < p,(K)+ 5](1(). Thus p,(K) + E](K) = 51+](K)-
5.CONCLUSION

The theory of T"-near ring and theory of rough sets have many application in various fields. In this paper is to present
the concepts of congruence relation in I'-near-rings and the lower and upper approximations of an ideal with respect to the
congruence relation and introduce the notion of rough ideals in I'-near-rings, which is a generalization of the notion of near

rings. Some properties of the lower and upper approximations are discussed in I'-near-rings. The definitions and results are
extended to rings.
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