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ABSTRACT

In this paper, some new binary and unary operators are extended from intuitionistic fuzzy sets to
intuitionistic fuzzy matrices. Some basic properties like commutative, associative etc., are studied. Also we
discuss the distributive property of the above said operators with other predefined operators on intuitionistic fuzzy
matrices. Several inequalities are obtained which relate modal operators with them. Finally we generalize these
operations with some result.Some properties of two operations - conjunction and disjunction from Lukasiwicz
type — over Intuitionistic Fuzzy Matrices are studied.
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1. INTRODUCTION:

There have been theories evolved over the years to deal with the various types of uncertainties. These
evolved theories are put into practice and when found to be wanting are improved upon, paving the way for new
theories to handle the tricky uncertainties. The Probability theory is one such important theory concerned with the
analysis of random phenomena. Zadeh [13] came out with the concept of Fuzzy Set which is indeed an extension
of the classical notion of set. Fuzzy Set has been found to be an effective tool to deal with fuzziness. However, it
often falls short of the expected standard when describing the neutral state. As a result, a new concept namely
Intuitionistic Fuzzy Set(IFS) was worked out and the same was introduced in 1983 by Atanassov [1][2]. Using the
concept of IFS, Im et al. [6][7] studied Intuitionistic Fuzzy Matrix(IFM). IFM generalizes the Fuzzy Matrix
introduced by Thomson [11] and has been useful in dealing with areas such as decision making, relational
equations, clustering analysis etc,. Z.S.Xu [12] and Zhang [14] studied Intuitionistic Fuzzy Value and also IFMs.
He defined intuitionistic fuzzy similarity relation and also utilize it in clustering analysis. A lot of research
activities have been carried out over the years on IFMs in Pal et al. [9] and Pradhan [10].

Intuitionistic fuzzy matrices (IFMs) have been proposed to represent intuitionistic fuzzy relations on finite
universes where relationships between elements are more or less vague. Let X and Y be two universes. It is well
known that an intuitionistic fuzzy relation Xx Y can be presented by an IFM (say R). Linear systems of
equations with uncertainty on the parameters play a major role in several applications in the areas mentioned
above. In many applications, the parameters of the system (or at least some of them) should be represented by
intuitionistic fuzzy rather than crisp or fuzzy numbers. Hence, it is important to develop the mathematical
procedures that would appropriately treat intuitionistic fuzzy linear systems to solve them. This motivates us to
extend all the above mentioned operators to IFM by studying many properties of them, and highlight some
applications when we use the above said operators in IFMs. In this way, we extend some operations which were
introduced by Atanassov in [3][4] on IFSs.
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2. PRELIMINARIES:

Definition 2.1 . [1][2]
Let a set X = {x;,x,,.....x,} be fixed, then an intuitionistic fuzzy set (IFS) can be defined as

A= {{o,pma(x,)v, (x)) / x; € X} which assigns to each element x; a membership degree p,(x;) and a non
membership degree v, (x;) with the condition 0 < p,(x;) + v, (x;) =< 1 forall x; € X.

For our convenience let us consider the element of an IFS as (x,x’)

Definition 2.2.[1][2]
For any two (x,X°), (v,y’) € IFS, define

(HxX7)V(y,y") =(max {x,y},min{x’,y’})
(i) (,x°) A (y,y") =(min{x,y},max {x’,y’})

Definition 2.3[12][14]
The two tuple (4(x;), vy (x;)) = (x,x") called an Intuitionistic fuzzy value that such that 0= x +x" <1
and x,x € [0,1]

Definition 2.4[12]
Let A = (rxi}-) be a matrix of order m X n, if all a;;(i = 1.2,..m,j = 1,2, ...n) are IFVs, then 4 is called an
intuitionistic fuzzy matrix (IFM). Hereafter F,,,,, denotes the set of all IMFs of order m X n.

Definition 2.4[6][7]:
Let A = [{a;,a};)] and B = [{b,;b;)] be two IFMs of order mx n.Then the ij** element of all the

L

operations are given below.

i AvB = [(a;al)v( by, b))l
il AaB = [(a;ai;)a( by bi;)]
li. A=B=a;<b;anda; =bj;
iv. AnIFM U = [{1,0}] for all entries is known as Universal Matrix and @ = [{0,1)] for all entries is known

as Zero matrix.
v. AnlIFM I = (1,0} foralli=jand (0,1) forall i==j known as Identity Matrix

vi.  A° = [(ai;a;)] foralli, |
vii. If Alisreflexive the A = I, where I, is the identity IFM contains (1,0) when i=j otherwise (0,1).
viii.  If Ais irreflexive then {ai}-,
ix. 04=[(a;1—a;)]
X.  OA=[(1-aja;)]
Xi. A4+ EB= [a,z.}. +b;; — a;;b;, al; b;}.]

a;}-} = {1,0) wheni=j.

Definition 2.4[3][4]
For any two (x,x’), (y,y’) € IFS, define

x oz 41

() ®A={G —)/x€E}
(i) 04 = {[“ji,zi]fx € E}
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(i) (x, )@ (r,y") = (2, 220
(iv) (%, x)®(,y") = {(Jx¥. /=" ¥)}
@ &xNOmy) = (22,22

xty = t+y

W) Gax)= Gy = (22, E2)

2ay+1) " 202"y +1)

3. Properties of new operations on IFM

Throughout this section matrices means intuitionistic fuzzy matrices. In this section four new binary and two
unary operators are extended to IFM and several properties are studied.

Definition 3.1.

Let A = [(a;; ai;)] and B = [(b, b};)] be two IFMs of order mx = then for all i,j define

E_;I ¥ E_;I

al +n!

. EI:_|"+EI|:_I-' i i
() A@B =[(— "~ )]

(“) A®B = [[:1.. :_;u- Ila'z_;ubz_;l)]

Ly

_ zﬁl'.fhi_.-' Zagby:
(iiA@B = [(—E[ﬁb” ’_LL“E;“’E;)]
v v

. _ _ ajitbi; E[;-l'b[.-
(VA=B =[| ;-5 575 )]
z'xﬂ[_fb[_f'*i} 2'~E[_|"b[_f+1}

wea-[ %)

a+l q

(V)04 = [(=5—=.7))]

Theorem 3.1:

For any two IFMs 4 = [{a,;,a{;)] and B = [{b,;, b};}] of order mx n, we have the following
(i) A@B = B@A means the operator ‘@’ is commutative.
(ii) A®B = B®A means the operator ‘®” is commutative.
(iii) A©B = B@A means the operator ‘©’ is commutative.
(iv)A = B = B = A means the operator * is commutative.
(V) [A°@B°]° = A@B
(Vi)[A°®EB°]° = A®FB
(vii) [A°®EB°]°= A@B
(viii) [A°*B°]*=A=B

Proof:
From the definition 3.1 results (i) to (iv) are obvious.

(v) Consider an IFM 4 = [(a;; a};)] then 4° = [(a;. a;;)] for all i ]

From definition 3.1, we have 4@ = (224, S22 oo 1)
a..+bl. a.+h..
AS@B: = H 2 , I L
x| (5 55)
Qijab;;  ay+b|;
And [A°@B°]° = [(—’ —u)] ........................................ (2)
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From (1) and (2) we have [A°@EB°]° = A@EB

(vi)Similar to (v)

S I Y T Pt
.. - o1 Za; b ‘Eljhl-_l.- e ele "El_fb[_l-' Za;i b _
(vii)  [4°©5"] [( al+b ag by Jand [4°©B7] I A®B
[ I ¥ B Lj Lj L Lj Lj

(viii)  Similar to (vii)

Theorem 3.2.

Forany IFM 4 = [{aij,a;j}] , We have the following results

(i) DA=Aand DA = A4

(i o=0andOU=U

([ BOA=0F 4

(V)@ 4A° = (OA)°

(V) DA° = (B A)°

(vi)If Avisirreflexive then & A is irreflexive and if A is reflexive then @A reflexive

Proof:

. . .. Pi sl . f: 11
(i) Consider any (i,j)th element of & A = (E—‘* L) obviously E—‘L = a;; and L = ay;

r

therefore from definition 2.3 &6 A = A. Similarly we can prove ©A4 = A

(i) @0 = (=) = (o) forallij, & 0 = 0. Similarly OU = U.

242 a1
4

(iii)The (i j)th element & 04 = (‘F—Li)and also O @ A= (_J_ 4

[ [
. . o] o2 2. +2 2. +1
Now it is clear that E‘T < E—‘T and 2UT° = 2T

4 -
Thus EOA =0 G A
W@ 4° = (L,%47) = 4
(v) Similar to (iv).
(vi) If Aisirrflexive then (ay. a;) = (0,1), from (ii) the (i,i)™ element of & 4 = (0,1) thus & A
irrflexive. Similarly we can prove ©A is reflexive.

Theorem 3.3.

For any three arbitrary IFMs A, B,CE F,,,, we have the following
(i) [AnBl@C = [A@C]A[B@C]
(ii) [AvB]l@C = [A@C]v[B@C]
(iii)[AAB]®C = [ABC]A[B®C]
(iv)[AvB]®C = [ABC]v[B®C]

Proof:

(i) AnB = [(ay;aby;,al;vb];)] foralli, j
If A<Bthen [ArB]l@C = [(—L—“—i)] forall i |

-
=

¥ ¥ ) ¥
A@C = [(—”—i—”—i)] and B@C = [(“L)] foralli

-
r . r

-
r

[A@CIA[B@C] = [(—ﬁ—i—ﬁ—i)] Thus [ArB]@C = [A@C]A[B@C]
The proof of (ii),(iii) and (iv) are similar to (i)
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Theorem 3.4.

For any three arbitrary IFMs A, B,CE F,,,, we have the following

() [A@B]+C=[A+C]@[B+C]
(i) [ A@B].C=[A.C]@[B.C]
(i) [ A+B]@C < [A+C]@[B+C]
(v) [A.B]@C = [A@C].[B@C]

That means ‘+’ and ‘.” are right distributive over ‘@’ but ‘@’ is not right distributive over ‘+’ and *.”.
Proof:

[4A+ B]l@c = [(‘1:‘1 + by; —a;b; + ¢y , - ag;bj; + c;}.)]
2 2
[A@C]+ [B@c] = [(af}. ;r ¢y L by ;r c; (ay+ ci}.l[bi}. +c;) ’ al, + b}, _;U b+ ! )]

Consider the membership value of the previous two equations
( e n bijtey  (mijtey)(bjte; :I)_(El-_l.-+b —a;;bi+c; )

2 3 2
2 + ay by —ayc; — byey — ¢ _ G (2- a; — by — u) +ay;by
4
_cijl2-ayj—bij)—cfrayby; .2
- 3 = &y br} c; =0 when ; br} = Cij
2 o b
If a;b; = c;; then czj[:E— )+er g = o b;(1—a;—b; +.fa;b;)

The above expressmn greater than or equal to zero when a;; = b;; or a;; = b

Thus( S R i '-“fi'*‘i.f:"-bii'*‘i.f:'} -, {“ii*bif‘ﬂijbiﬁﬂi;)

2z 4 2
Similarly we can prove the following inequality for non membership value

' P '
Eij"'bJ rz B +|:l_I < lJb[j+E[_f f0r a” | J
= = ')

Thus [4+ B]l@C < [A@C] + [B@C]
Theorem 3.5.

For any three arbitrary IFMs A, BE F,_,,, we have the following
(i) o[lA@B] = oA@oB

(ii) o[4A®B] < A®CoB

(iii)o[A@B] < oA©OoB

(iv)0[A@B] = 0A@OB

(v) O[ABE] = 0A®OB

(vi)0[A@E] = 0ACOB

Proof:
(i) 04 =[(a; 1 —ay)] and 0B = [(b;;, 1—b;)]
oA@og E[( -:bl-'" 2if~ bl_n)]

-

r r

Bijirb;; @i +hi: ij+by; Bijeb,; geidbe Tm e B
A@E = [(TJ ,_lﬂ;l.l_)] and o[A@RB] = [( L1 —— ij }] = [( SR ) u)]

= s r r

Thus o[A@B] = cA@oB
(il) o[A®E] = [[,ﬂ.'a bu, 1- .'clubu)] and

DA®OB= [(,/a b, *q'l (1—a;)(1— b))
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Since 1-,/a;b;;)= '[1 —a;;)(1—by), wehave 0[A®B] < nA®OB
SN _ Zagp i
(iio[4©B] = [(ﬂlﬁbu ,1 vy )] and also
2aiip; . a; 2agp,. (1-a;: ) ;
DA@DBZ[( i 20-ay)a ]] since 1 — i 5 2azay)(oby)

agi+bi; " (1-a;; j+|1 byj) a+by;  (1—ay )+(1-b;)

We have o[A@B] < tA©oB
Proofs of (iv), (v) and (vi) are similar to the above.

Theorem 3.6.
For any three arbitrary IFMs A, B,CE F,,,, we have the following
Q) [A@R]@C + A@[B@C]
(i) [A®B]®C + A®[BEC]
(iii)[A®B]@©C = AB[B@C]
(iV)[A=B]=C #A=[B*C(]
The operators ‘@’,’®’,’©’ and ‘*’ are not associative.
Proof:
The proof of the above theorem is trivial since division and root operation are not associative

Theorem 3.7.
For any two arbitrary IFMs A, BE F,,,,, we have the following inequalities
() AB<AAB<A@B <AvB<A+B
(i) A.B <AB< ABB<AvB <A+ B
(iii)4.B < AnB < A©@B < AvB <A+B
(iV)A.B <ANB<A*B<AvB< A+B

Proof: The proof is trivial from the definition 31 and 2.7.

Definition 3.2.
For any ‘n’ IFMs 4,, 4,, ... 4,, with same order, define
A @A, @ .. @A, = @p_y4, = ;Hi;ﬁ . L:"f] foralli,

Using the definition, we have the following theorem which is the generalization of earlier theorems
Theorem3.8.
For any n IFMs with same order , we have the following results

(i) (@%=14%)° = @14,

(i) (@%=14;) + B = @=, (4, + B)

(i) (@514, ). B = @;—, (4,.B)

(iv) O0(@%=14,) = @=,04,

(V) 0 (@%=14,) = @=y 0 4,

4. Conclusion.
Some new kinds of operators are extended from intuitionistic fuzzy sets to intuitionistic fuzzy matrices.
Several algebraic properties are discussed
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