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. INTRODUCTION

Zadeh [20] who introduced the fuzzy set in 1965 which was characterized by a membership degree of range
[0, 1]. Intuitionistic Fuzzy set which was an extension of Fuzzy set given by Atanassov [1] in 1986. Intuitionistic Fuzzy set captured
an association degree as well as non-association degree becomes the generalization of fuzzy set. The Characteristic of Intuitionistic
fuzzy set is to assigns each element a Membership degree and a non-membership degree. The Intuitionistic fuzzy set widely used
in application’s view point in many fields, such as decision making [18, 19], medical diagnosis [9, 14] and cluster analysis[ 15,
16].Fuzzy Relation are most important notion of fuzzy set theory and fuzzy systems theory. Intuitionistic fuzzy relations were give
many results by [3][4][10]. Xu [18] defined some new Intuitionistic preference relation and studied their properties.

The Intuitionistic fuzzy set to picture fuzzy sets were generalized by Cuong[6,7]. He proposed the notion for picture
fuzzy relations and studied their operations and properties. Picture Fuzzy set give the three degrees of an element called degree of
positive membership, degree of Neutral membership and degree of negative membership respectively. Picture fuzzy sets based
models may be adequate in situations when we face human opinions involving more answers of types: yes, abstain, no, refusal.
Bosc and Pivert[2] said that “Bipolarity refers to the propensity of the human mind to reason and make decisions on the basis of
positive and negative effects. There are two information, first is the positive information that is possible, satisfactory, desired and
being acceptable. On the other hand, negative information states that impossible, rejected or forbidden. Lee [11, 12] proposed the
concept of bipolar fuzzy set which is a generalization of the fuzzy sets. However aggregation operator is commonly used in multi-
attribute decision making problems.

In this paper, we introduce new operations on bipolar picture fuzzy and their relations. Also we develop, Bipolar
Picture Fuzzy Geometric operators and discuss their properties. We further propose Bipolar Picture Fuzzy Multiple Attribute Decision
making problems. A numerical example for the method is given to demonstrate the effectiveness and application of our proposed
method.

Il. PRELIMINARIES:

Definition 2.1: [20] Let X be the universe of discourse, then a fuzzy set is defined as: A= {<x, pa(x)>:xeX} which is characterized
by a membership function pa: X— [0, 1], where pa denotes the degree of membership of the element x to the set A.

Definition 2.2:[1] An Intuitionistic Fuzzy Set in X is given by A = {<x, ua(x), ya(x)>:x€X} which is characterized by a membership
function A: X— [0,1] and a non-membership function A: X — [0,1], with the condition 0< pa(x)+ ya(x) < 1,¥xeX where the
numbers pa(x) and ya(x) represent the degree of membership and the degree of non-membership of the element x to the set A,
respectively.

Definition 2.3: [17] Let o = (1o, Ya) and B = (ug, yp) be two Intuitionistic fuzzy numbers, then

(1) a.B=(HakHp, YoV~ YaVp)

() o=(ua”, 1-(L1- a)), 2> 0.
Definition 2.4: [8] A Picture Fuzzy set (PFS) A on a Universe X is an object in the form of
A={(x, pa(X), N 5 (x), YA(X):XEX)} where p 5 (X)N 5 (X),Y o (X) € [0,1].Here p , (X)€[0,1] called positive membership, 1 , (X)
€[0,1] called degree of neutral membership and y , (X) €[0,1] called degree of negative membership. These memberships satisfying
the condition vx € X,
HAX) + 1 5 (X) + ya(x) < 1. Then, forx € X, p, (X)=1- pa(X) - n 4 (X) - ya(x) could be called the degree of refusal membership
of in A.

Definition 2.5: [8] For every two PFSs A and B, defined some operations as following.
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(1) A € Biiff pa(X) < pa(X) , na(X) = ns(x) and ya(X ) = ye(X); YXEX;
(2)A=BiffAcBandBc A

(3) AUB= {(x, max (ua(x), pa(x)), min (a(x), ne(x)), and min (YA (x), yB (x)):x€X}
(4) ANB= {(x, min (na(x), us(x)), max (na(x), ne(x)), and max (yA (x), yB (x)):x€X}
(5) A= {(x, Ya(X), na(x), na(x)):xeX}

Several properties of these operations were also discussed:
(1)IfAcBandBcC,thenA cC

2)A =A
(3) Operations U and N are commutative, associative and distributive.
(4) Operations N, co and U satisfy the De Morgan law.

Definition 2.6: [8] A picture fuzzy relation R is a picture fuzzy subset of XxY, i.e. R is given by

R={((x,y), ng xy),ng X¥),7g X ¥):XEX,y€Y}where V (x,y) € X xY and also

HLg-MgsYg - X*xY—[0,1] and satisfying the condition V' (x, y) € X X ¥, n o (x) + 1 (X) + 7 (%) < 1. We will denote with PFS
(X x Y) the set of all Picture fuzzy subsets in X x Y.

Definition 2.7: [8] A binary Picture fuzzy relation between X and Y, we can define R between Y and X by means of

HRfl (yl X) = HR (X, y)» n R (y:) =1 R (X,), P‘{Rfl (yvx):Y R (x:}’)a YE—l (yvx):/Y;z (x,y) ' v (xv y) € XXY
to which we call inverse relation of R.

Definition 2.8: [5] Let a = {(X, Ha(X), Nu(X), Ya(X):XEX} and B = {(x, pp(X), Np(X), vp(X): XEX} be the two picture fuzzy numbers,
then

A a.p=(pat o) Hp+Mp) - NaMp.MaMp, 1-(1- 7a)(1- vp)
b. ot = (et ma)'Cpp e - gt g, 1-(1- ) (1- v5), 20,

Definition 2.9: [5] Let a = {(X, ta(X), Na(X), Ya(X):XEX} be the picture fuzzy numbers, then a score function S can be defined as S
(o) = Ko - Yo and the accuracy function H is given by
H(a) =pa + N+ v« Where S(a) € [-1,1] and H(a) € [0, 1]. Then, for two picture fuzzy numbers o and S
(i) if S(a) > S(P), then a. is superior to B, denoted by a > f.
(i) if S(or) = S(B), then
(1) H(e) = H(B), implies that o is equivalent to 3, denoted by a ~p.
(2) H(a) > H(P), implies that a is superior to B, denoted by o > f.

Definition 2.10: [13] Let X be a non-empty set. Then, a bipolar-valued fuzzy set is denoted by Age, defined by Agr= {(x, HZ (x),
1A (X): X EX)} where p; : X— [0, 1] and p , : X— [0,-1]. The positive membership degree MZ (x) denotes the satisfaction degree
of an element x to the property corresponding to Agr and the negative membership degree p , (X) denotes the satisfaction degree of
x to some implicit counter property of Agr.
I1l. BIPOLARPICTURE FUZZY SET (BPFS)
Definition 3.1: A bipolar Picture Fuzzy set (BPFS) A on a Universe X is an object in the form of
A={(%, Uy (0 6 (Y 4 (%), 1 p (0 4 (X).7 4 (X)):XEXT
where p, (X)1 5 (X),7 4 (X€E[0,1] and p, (x),n 5 (X),y 5 (X) €[-1,0].Here p, (x),u , (X) are positive and negative of degree of
positive membership, n ; (x)n , (x) are positive and negative of degree of neutral membership. y Z (x),y 5 (X) are positive and
negative of degree of negative membership.
Besides, Ly, L sMa>N a7 asY 2 Satisfying the condition V' x € X, uy (X) + 1, (x) Ty 5 (x)< 1 and
HoA(X) + M A (x) Ty, (x)>-1 Then for every XéX, p,(X) =1-p, -np -y, and p, (X) =1-pn, -n, -7, called refusal
membership of x in A.
Definition 3.2: Let A and B be two bipolar picture fuzzy sets in X defined as
A={(X, 1y (O 4 (057 4 (0, 1 p (M 5 (0,7 4 (¥)):XEX} and B={(x, pg (X)ng (X),7 § (X), kg (X),
N g (x), 75 (X)):XEX}. Then the following operators are defined as

Q) Complement

A= {< (1- pp (), (-1- 1y (), (2= 3 (), (1= (X)), (L- 75 (¥)), (-1- 7 5 ())>3
(i) Union of two BPFS

AUB = {(max (0 (), pg (x), min (' (), 15 (X)), min (v 5 (), 75 (%),
max (i 5 (X),1 g (X)),min (n 5 (X).0 g (x)), min (v 4 (X),7 g (X))}
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(iii) Intersection of two BPFS
ANB = {(min (k (%), pg (%)), max (1 (x), g (X)), max (y , (), y 5 (X)),
min (i 5 (X), 1 g (x)), max (M 5 (x), N (x)), max (v 5 (x), 7 5 (X))}

(iv) A=B iff
La®)=pg 0. Ma®)=15X,7y,x)=v5X),
Ao =pg(®),max)=ng(X), v,x)=75(X)

(v) ACB iff
Ha®)<pg (), na®=ng(x),7,®)>y5 (X,
A Spg(X),Ma(0)2ng X, 7, X =75 (X

Definition 3.3: (i) A Bipolar Picture fuzzy set relation is defined as a Bipolar Picture fuzzy subset of X x Y having the form
R={((xY)hg (¥ 1g Y, Mg Mg Y, YR (), 7g (X Y):XEX,YE }

where V (x,y)eXxYandalsopug ng.yg X XY —>[0,1],ug Mg,Vg:X XY —[-1,0]. We will denote with BPFS (X x Y)
the set of all bipolar Picture fuzzy subsets in X x Y.
(i) A binary bipolar Picture fuzzy relation between X and Y, we can define R between ¥ and X by means of

ug—l (yl X) = HE (X, y)v “’E—l (yv X) = H;{ (X, y)a n;—l (y,X) = T]E (x:}’)a n;;—l (y,X): n E (xvy)l
y;_l (y,x)= yg (x,y), yg_l x)=vg (x¥)V (x, y) € XxY to which we call inverse relation of R.
(iii) Let R and P be two bipolar picture fuzzy relations between X and Y, For every (x, y) € XxY .We can define,
a. RSP &{(XY) Uy (V)< tp (X Y), g V)< pp (K Y) |, DR y)= 175 (X,Y),
MR 1 (6Y),7s 50275 (K Y), YR ¥) 27 (X )}
b RE={(xy), (1~ g (X V), (-1- p1g (%, ), (1 775 (X, YD), (-1- 775 (%, ),
- 7g YL 7R ()}
c. RVP={x,y)ug Y Vup Ky ug Ve Kyng Y) Anp ),
Mg KA Y YR (Y AYE (Y),77 KY)AYE (X Y)}
dRAP={(X,y,ug Y Mup (Y, ng KN up Kyhng KY)Vnp (XY),
Mg NV Y Yr Y Ye Y),75 Y)Yy XY}
Theorem 3.4: Let R, P, Q be three elements of bipolar picture fuzzy relations (XxY)
(i) R<P=>RI<P! (ii))(RVP)=R1v P! (iii)(RAP)=RTAP! (iv)(RY)1=R
(v) RAPVQ = (RAP)V(RAQ) and RV(PAQ)= (RVP)A(RVQ)
(ViRVP>R,RVP>P,RAP<R,RAPLP
(vii) fFR>Pand R>Q; thenR>(PV Q) (viii) IFR<Pand R <Q; thenR < (PV Q)

Proof:
() If R <P, then for every (x,y) € XXY

B =1 g Y SHp Y =R 0 (%) B (050 g (Y)SHp (Y =N o (V.X)
Nas 0= g V2N p Y= 0 (%) M o =1 g &Y 215 Y =1 a0 (V)
Yo =7 g Y ZY p Y=Y pa (1% ¥ o1 (X=7 g ®YSY p XY =Y pu (V)

Hence R1< Pl
(i)  (RVP)=RLVPp!

M ropyt OB oo VSRR () V i () =R g (00 V o () =1 s pa (ViX)
B ropyt OO R gupy (=R g (XY) VR p (KW= ga (VX) V R pa (00 =1 g o (VX)
The proof is similar for n :R\/P)’l (y,x)=n ;,1vp,l ¥,x),m (_R\/P)’l (¥,x)=1 ;’lvp’l (y.x) and

Y (ropyt OO0 =Y g1 pa (0007 qupyt =T g pa (1)

(iii) (RAP)1=RAPL :The proof is similar to (ii).

(iv) (RY)! = R: The proof follows from the definition.

(v) RAPVQ=RAP)VRAQandR V(PAQ)=RVP)ARVQ)
Proof:
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B (Rapvg) XY= g () AL (XY V G GYI=l g (Y) A L p (XY) VIR (GY) ARG G =1 e (XY)
Vou EAQ (xy) = (+RAP)v(RAQ) (xy)

Similarly for i (g, pvo)y (¥) 2N (Rapv@) KV M ®APva) Y)Y (Rapva) (Y)Y (Ra(pug) (GY)-

HenceR A(PV Q)=(RAP) V(RAQ).

The proof is analogous to the above one, inthecaseof R V (PAQ)=(RV P) A (RV Q).

(vi) RVP>R,RVP>P,RAP<R,RAP<P: The proof is obvious.
(vii) IfR>Pand R>Q;thenR>(PV Q)

Proof: IfR>PandR>Q, n E xy) >p ; XY), 0 g XY)ZHp (Xy),M E xy)<n ; xy),

Mr GV p Y7 g GYSY p XY .7 g GYSY p Gy g G210 G (XY),

Br EYZHo XYM g GYSNG &Y .M g KGYSN g (KY) .7 g &YST 5 (KY),

YR BY)SY o (XY)

R GENZR e XY VG KY)20 g G2 pog (XY) = R=(PVQ) similarly forp o (xy)> 1 poo (Xy).1 5 (XY)
<N pug (XYM g KY) SN pug (Y)Y g KYST pug (XY),

Y r XYY pyg (Xy).Therefore  R=(PV Q).
(viii) IfR<Pand R <Q;then R <(PV Q): The proof is similar as (vii).

Definition 3.5: Let a = {(x, u, (X).n ,, ()7, (%), 1, ()., (X).y, (X)):XEX} and B = {(x, p}; (%),
M5 (%), 7 5 (%), 1y (%), 1 5 (%), 7 5 (X)):xEX} be the two bipolar picture fuzzy numbers, then

& aB=(u tn ) ngmp)n, ny.n, ny -y, )A-v,),

(Cr I NCrp )t g)) = (g ) g)) (G ) g )) s 1-(1-v, )(3-v4)
b ot = (up g -y )My ) 1y ) (g ) (g ) ()
1-(1-y, ) (>0)

Definition 3.6: Let a.= {(x, u, (x);n, (X),y ., (X), 1, )., %),y (X)):XEX} be bipolar picture fuzzy numbers , then the
Score function S (a) = (u; +1- n; +1-y; +l+p,-n,-v, )6
Accuracy function H (o) = p; - y; ULV,

Q) If S (a) > S (B), then a is superior to B, a > B.

(i) IfS (o) = S (B), then (a). H (o) = H (B) implies that a is equivalent to B, o~ p.
(b). H (o) > H (B) implies that a is superior to 3, a > B.

IV. BIPOLARPICTURE FUZZY GEOMETRIC OPERATOR:

Definition 4.1: Let Aj (j=1, 2... n) is the collect ion of BPFNS, we define bipolar picture fuzzy weighted geometric operator
(BPFWG),

n n
BPFWG, (A1Az,....An) = [ [A ' where o=(w1,0n,....., @n)" be the weighted vector of A (=1.,2,...,n) and o; >0, Y @; =L,
j=1 =

Theorem 4.2: Let Aj(j=1, 2... n) is the collect ion of BPFNS, then their aggregated value by the BPFWG operator is also a BPFNS,

BPFWG, (A A A) = (I i +nD) =TT @D TT D™ -] @-vD™,
i=1 i—1 i1 i1

n n

(T @D+ ™-11 oo™ -IT @« [T av)™
i=1 i=1 i=1 i=1

Proof: We prove that the theorem, by using mathematical induction on n,

If for n=2, we get

A=) - )™ - @)D A(Cr)+Eng NP - () ™) - ()™,
1-(1-y)™)
AZ=((n3t13)”-Mm3)" m3)” - (L-75) ™ A((r) + )P -(n3)™) - ()™,
1-(1-y3)™)
Then,
APAT = ((uy 1) M n5) - () T M) ? -y (L)
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() FEN D (Cu) FEn NP ) (M) P ) ()7 -y )P (1-y5) )
Thus the theorem holds. If for n= k then,

k k k k
BPFWG, (Ar..A) = ([ w/+n) -] e [T aH* . ] avH™
i=1 i=1 i=1 i=1
k k k k
-(IT @uny+eamn®-TT »ao™ [T @< -] avH)™
i=1 i=1 i=1 i=1
When n= k+1, we have
k+1 k

[TAF_TTAT AR

|:1k - k k k

=(IT @ +aDH)*-T] oD . I] aDH” . ]] avH™.
i=1 i=1 i=1 i=1
k k k k

-(IT «uny+eamn®-TT »ao™ [T @< -] avH)™.
i=1 i=1 i=1 i=1

(“’ -I:+l+ T] -I:+l ) e - (T] :4—1 ) e > (TI -1:4.1) e ’ 1_ (1_ Y -|:+1) G » 7 (((_l"l' ;4.]_) + (_ TI ;4.]_ )) G - (_TI ;4.]_) e ) '
- (_n ;+1) Wy 41 , 1- (1_ y ;+1) @11 )

k+1 k+1 k+1 k+1
=([T @ 2D *-T] ahH* . ITT aH” -] avH™.
i=1 i=1 i=1 i=1
k+1
k+1 k+1 k+1
-(IT «uny+enin™-11 (—ni‘)“’mH @D =] @™
i=1 i=1 I=. i=1

(i.e) The theorem holds for n= k+1, by the principle of mathematical induction, the theorem holds for all n.
n n n n

) TR IDREY I NCIDARS U SCIANES U BNCETPNE
i=1 i=1 i=1 i=1

n n n n
(T @O+ TT «D™ - IT ean” -] @a-vi)™) eorixo-11
i=1 i=1 i=1 i=1
.. The Result of BPFWG,, (A1, Az,.. An) is also a BPFN.
When we need to weight the ordered positions of the bipolar picture fuzzy arguments instead of weighting the argument, BPWG
can be generalized to BPFOWG

Definition 4.3: Let Aj(j=1, 2... n) is the collect ion of BPFNS, we define bipolar picture fuzzy ordered weighted geometric operator
(BPFOWG),

n
BPFOWG, (A1Az....An) = [ [ A o)) where o=(@1.02.......0n)" be the weighted vector of Aj  (j=1.2.....n) and a; >0,

j=1
n
D> ;=1
j=1

Theorem 4.4: Let Aj(j=1, 2... n) is the collect ion of BPFNS, then their aggregated value by the BPFWG operator is also a BPFNS,
BPFOWG,, (A1, A2... An) =

n n n n
(IT oo™ I1 oo™ I1 abon™ -]1 @voep™.
i-1 i=1 i=1 =1
n n

n n

(I o+ enoo) “-TT o)™ -T1T enoe)® 1 @voa)™
i=1 i=1 i=1 i=1

The proof is similar to the above theorem 4.2.

Definition 4.5: Let Aj (j=1, 2... n) is the collect ion of BPFNS, we define bipolar picture fuzzy hybrid weighted geometric operator
(BPFHWG),

n —~
BPFHWG,, (AuAs.....A) = [ [ A of;) where o=(w1,00......0n)" be the weighted vector of A; (j=1.2.....n) and o >0,
j=1
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n ~
Za)j =1 and AG(J-) is the j™ largest element of the bipolar picture fuzzy arguments ( A; = A;mj ), wj is the weighting vector of
j=1

n
BPF argument A; with @;> 0, Za)j =1 and n is the balancing coefficient.
j=1

Theorem 4.6: Let Aj(j=1, 2... n) is the collect ion of BPFNS, then their aggregated using value by the BPFWG operator is also a
BPFNS,
BPFHWG,, (Ay,As,....An) =

n n

(T oot w-T1 @ T @ s T @7 5™,
i=1 -

i=1 i=1

(T Caoi+cq .o "-TT 7 a0 -T1 7 oo™ -1 @7 oo™
i=1 i=1 i=1 i=1
The proof is similar to the above theorem 4.2.

IV. MULTIPLE ATTRIBUTE DECISION MAKING WITH BIPOLAR PICTURE FUZZY INFORMATION:

To represent the MADM problems for evaluation of alternatives the following notations are used. Let set of m alternatives
be F = {F1, F2... Fn} and G = {G1, G2....Gn} be a set of n attributes. Values for the alternative F; under the attribute Gj with
anonymity were provided to the decision makers, considering these values as a bipolar picture fuzzy element Aj;.

Suppose the bipolar picture fuzzy decision matrix is the decision matrix A = (Aij) mxn Where A (i=1,2... m;j=1, 2...n) are in the
form of BPFNs. Evaluation of alternatives with bipolar picture fuzzy information, we apply the BPFWG operator to the MADM
problems.

STEP 1: Utilize the decision information given in matrix A, and the BPFWG operator

- n n n n n

A= BPFWG, (AvAz,. o A) = ([T @i+ T @D [T eanH™ 11 avH™ (] uireni)
i=1 i=1 i-1 i-1 i=1

n n n ~

@ H ;)" - (M), 1-H (1-v;)™) to derive the overall preference values A, (i=1,2 ..., m) of the
i=1 i=1 i=1

alternative F;.

STEP 2: Calculate the scores S ( Ai ) (i=1, 2...m) of the bipolar picture fuzzy values ,&i .

STEP 3: Rank the alternatives F; (i= 1, 2... m) in with the values of S ( ;&i ) (i=1, 2... m) and choose the best one(s).

4.1 APPLICATION:

A customer who indent to buy a mobile phone. Suppose there are four mobile phones Fi(1,2,3,4) and we want to select the best one.
Four attributes are selected by experts Gj(j=1,2,3,4) Gi:Internal storage , Gz:Processor , Gz:Camera features , Gs= Battery power.
In order ,the experts are required to evaluate the four mobile phones Fi(i=1,2,3,4) under the above four attribute in anonymity.
The decision matrix A=(Aij)mxn iS presented in the table , A;(i=1,2,3,4 and j=1,2,3,4) are in the form of BPFNS.

STEP 1: The decision matrix provided by the patient is constructed as below:

Table 4.1: The decision matrix table

Fi /Gi G G, Gs Gy

Fr (01,0203, (0.7,0.1,0.1, (0.7,0.1,0.1, (020303,
-0.1,-05,-0.3) 0.1,-0.2,-0.3) -0.8,-0.1,-0.1) 0.2,-0.4,-0.1)

F2 (02,0403, (0.1,0.60.1, (0.1,0.1,0.1, (01,0203,
-0.1,-0.7,-0.1) 10.3,-0.2,-0.1) -0.2,-0.3,-0.4) 0.4,-05,-0.1)

Fa (0.1,05,04, (0.2,0.4,05, (0.1,0.4,05, (03,0103,
-0.2,0.4,-0.3) -0.5,-0.1,-0.2) -0.1,-0.2,-0.3) -0.4,-0.3.-0.2)

Fa (03,0402, (030402, (02,0403, (0.0,0.1,0.2,
-0.2,-0.3.-0.4) -0.5,-0.1,-0.3) -0.1,-0.2,-0.4) -0.3,-0.4,-0.1)

The weight vector of the attributes G; (j=1, 2, 3, 4) is ®= (0.1, 0.2, 0.3, 0.4)

We utilize the decision information given in matrix A, A, = BPFWG,, (A1,Az,...,Au),

We have

A, =(0.4590,0.1414,0.2060,-0.4508,-0.1390,-0.1565)
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;&2 =(0.1203,0.2168,0.2062,-0.2935,-0.3693,-0.1825)

A, =(0.2380,0.2349,0.7054,-0.2988,-0.2194,-0.2390)
;\4 =(0.0772,0.2297,0.2314,-0.2969,-0.2392,-0.2525)
STEP 2: Calculate the scores function S ( Ai ) (i=1, 2, 3, 4) of the overall bipolar picture fuzzy values Ai .
S(A)=04927 S(A,)=04926 S(A,)=04113 S(A,)=0.4719
STEP 3: rank all the alternatives Gi(i=1,2,3,4) with the values of S( /&i )(i=1,2,3,4)
A> A R>A,.
Therefore the best one is ;‘1 .note that > means “preferred to”.

V. CONCLUSION:

In this paper, bipolar picture fuzzy sets were developed and also discussed bipolar picture fuzzy relations .Then we characterized
some of its properties. The operators G, was developed along with the score function, accuracy function .To evaluate the values of
alternatives on the attributes taken bipolar picture fuzzy decision making approach was proposed. To aggregate the bipolar picture
fuzzy information to each alternative to obtain the collective values of the alternatives these operators are utilized. According to the
values of the score, accuracy functions of the alternatives are ranked the most desirable one was selected. The effectiveness and
application of the developed method, a numerical example was given to demonstrate.
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