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ABSTRACT: The Ternary Quadratic Diophantine Equation speaking to non-homogeneous cone given by

9(X2 + yz)—l7xy +5X+ 5y + 25=517% is investigated for its non-zero particular number focuses on it. Six distinct

examples of essential arrangements fulfilling the cone under thought are acquired. A couple of intriguing relations between the

arrangements and some extraordinary number examples spoke to.
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1. INTRODUCTION

Ternary quadratic conditions are wealthy in assortment. For a broad audit of different one may allude [1— 7]. In, [8] the ternary
quadratic Diophantine condition of the structure kxy + m(x + y): Z% has been considered for non-unimportant fundamental
arrangements. In , [9,10]an exceptional Pythagorean triangle issue have been examined for its fundamental arrangement. In ,

[11,12] ternary quadratic Diophantine conditions have been examined for its fundamental arrangements.

This correspondence worries with one more fascinating ternary quadratic condition

9(X2 + yz)—17xy +5x + 5y +25=517° speaking to a cone for deciding its unendingly numerous non-zero essential
focuses. Likewise fascinating connection among the arrangements are introduced.

NOTATIONS
Prr = Pronic number of rank ‘n’.
Tm’n = Polygonal number of rank ‘n’ with sides ‘m’.

4D|:n = Four Dimensional Figurate number of rank ‘n’.

CS,  =Centered Square number of rank ‘n’.

SO, = Stella Octangula number of rank ‘n’.

0, = Octahedral number of rank ‘n” with sides ‘m’.
P 5n = Pyramidal number of rank ‘n’ with sides ‘m’.
Gno, = Gnomonic number of rank ‘n’.

Star | = Star number of rank ‘n’.
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METHOD OF ANALYSIS

The ternary quadratic Diophantine equation to be solved for its non-zero integral solution is
9(x* +y?)—17xy +5x + 5y + 25 =517° 1)
The substitution of linear transformation X=U+V and y=U—-V (2)
(2) in (1) leads to,
(u+5) +35v* =517° (3)
We illustrate below six different patterns of non-zero distinct integer solutions to (1)

PATTERN : 1
Assume Z= z(a, b) =a’ +35b? (4)

where, a and b are non-zero integers,
and we write 51:(4+i\/£X4—i\/£) (5)
Using (4) and (5) in equation (3) and using factorization method,
((u+5)+iv35)(u+v)-i35)

= (4+ i\/ﬁﬁ— i\/ﬁl(a+ i\/ﬁb)z(a — I\/ﬁﬂ (6)

Equating the like terms and comparing real and imaginary parts we get,
u=u(a,b)=4a* —1400° — 70ab

v =v(a,b)=a*—35b* +8ab

Substituting the above integer of u & v in equation (2) the corresponding integer solutions of (1) are given by
x = x(a,b)=5a* —~175b" —62ab—5
y =y(a,b)=3a” —105b* — 78ab—5

z=1(a,b)=a* +35b°
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OBSERVATIONS:

1) x(al)+y(al)+z(al)-3T,, +67Gno, =0(mod322)
(2). [y(a,a)—x(a,a)+4z(a,a)] isaperfect square.

(3) x(al)+y(al)-2z(al)-2T,, +69Gno, =0(mod289)
(4). 4x(a,)-y(a1)-z(a,1)-8T,, +81Gno, =0(mod726)
(5). 6]y(a,a)—x(a,a)+4z(a,a)] represents a Nasty number.

PATTERN: 2

Instead of (5), we write 51 as

5, (13+iV35)13-iV35)
4

(7)

Following the procedure presented above, the corresponding non-zero distinct integer solutions to (1) are obtained as
x = X(A B)=14A —490B* —44AB -5
y =y(A B)=12A* —420B* —~96AB -5
z=2(AB)=2A" +70B?

OBSERVATIONS:

(@) 7(y(A A)—x(A A))+2z(A, A) isa perfect square.

(2). 2y(AL)+z(A1)—-10T,, +34Gno, = 0(mod954)

(3) 2x(A1)+y(A1)-12T,, +68Gno, = 0(mod1413)

)

(4). x(AD)+y(A1)+7z(A1)-4T,, , +52Gno, = 0(mod1462)

(5) 6[ ( ( )— X(A, A))+ ZZ(A, A)] represents a Nasty number.
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REMARKABLE NOTE:

In addition one may write 51 as,

0) 51 (B+i2/35)8—i2/35)
T 4

(2) .51=

(12 + 335 12 - 3/35)
9

). 51— (12 +i5135 12 - i5./35)
T 25

For the choices, one may obtain different patterns of solution of (1).

PATTERN: 3

Equation (3) can be written as
2 2 2
(u+5) =51z* —35v
Introducing the linear transformation

Zz=X+35T% and v=X+51T

In (8), we get
2
X?=1785T2 + (“—“3]
A
Which is satisfied by
T(r,s)=2rs
u(r,s)="7140r> —4s* -5

X(r,s)=1785r? +s

®)

)

(10)

Employing the above values in (9) and using (2), the corresponding integer solutions of (1) are given by

x = X(r,s)=8925r2 —3s? +102rs —5
y = y(r,s)=5355r? —5s? —102rs —5

z=12(r,s)=1785r? +s? + 70rs
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OBSERVATONS:
(1). x(r,r)—y(r, r)—22(r,r) is a perfect square.
2) [X(I’ r) ( ) 22(!’ r)] represents a Nasty number.

(
(3) 3z(r,))—y(r,1)—156Gno = 0(mod169)

(4). x(r1)-y(r1)—2z(r,1)=0(mods?)
(5) x(r.))—y(r,1)—1785CS, —1887Gnq = 0(mod3674)
PATTERN: 4
Consider (3) as

(u+5) —16v =51(z> —v?) (11)
Write (12) in the form of ratio as

(U+5)+4v _ 51z-v) _A B0
Z+V (u+5)-4v B

Which is equivalent of the following two equation
B(u+5)+v(4B—A)—Az=0 (i)
A(u+5)+Vv(51B-4A)-51Bz=0 (ii)
Applying the method of cross multiplication in (i) and (ii ) we get
=u(A B)=4A? —102AB + 204B* -5
v=Vv(AB)=A -51B
=7(A,B)=A" —8AB +51B?
Applying the above values of u and v in equation (2) the corresponding integer solutions of (1) are given by
x=X(A B)=5A"-102AB +153B" -5
y=y(A B)=3A" —102AB + 255B° -5

z=2(AB)= A*~8AB +51B’
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OBSERVATIONS:

(1). y(A, A) — X(A, A)-I— Z(A, A) is a perfect square.
(2). 6[ ( ) (A, A)+ Z(A, A)] represents a Nasty number.
(3) y(A1)—3z(A1)+39Gno, =0(mod58)

(4). y(AD)+x(A1)—4T,, +100Gno, = 0(mod292)
(5) x(A1)-y(A1)+3z(A1)-T,, +10Gno, = 0(mod41)

REMARKABLE NOTE:

Equation (12) can also be expressed in the form of ratio in two different ways as follows.

A (U+5)+4v 17(z—v A
(I)'(B(ZJ)rv) :(u+(5)—2v:§’8¢0

.~ (U+5)+4v  3(z-v A
(“)'(17(z)+v) :(UJSS)—)Afv:g’BiO

Repeating the analysis as above the corresponding integer solutions along with properties are presented below.

Solution of (i):
=x(A, B)=15A* —~102AB +51B* -5
y=Yy(A B)=9A’ ~102AB +85B* -5
z=12(AB)=3A*-8AB +17B’
OBSERVATIONS:
(L) y(A A)—x(A A)+3z(A A) isa perfect square.
(2). 6[y(A A)—x(A, A)+3z(A, A)] represents a Nasty number.

(3) y(A1)-x(A1)-z(AL)-T,, =0(modl7)
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Solution of (ii):
x=X(A B)=85A* —102AB +9B* -5
y = y(A B)=51A* ~102AB +15B° -5

z=2(AB)=17A* —8AB +3B?
OBSERVATIONS:
@) x(AD)-y(A1)-z(AL)+17T,, +13Gno, = 0(mod30)
IV. CONCLUSION

To conclude one may search for other patterns of solutions for such types of equation.
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